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&/A36F*@6 -�$CK ,?2@&)6)*@*�6 - (CD<D<(C73( (�&5&)J�-3$CK<6 *@(1DE,<6)DED<(�DE,?$',?(3B�*�$x&5(+7����CJ3K?$C852�(+7�6H&/A36F=�2�732@=>2@8(%
8Q$�*7" 6)7�6)K<�C2�$  �"J365*�*�$�&/A�6 'C6)036�,?J�,E,?6g*�6 -�$CK ,?2@&)6)*@*�6 (�&)&5J�-�$CKE6:*@(�DE,/$I,?(�� (+730�$C=�6)7�,?$C*�6'�
LN2 " &/A36 *7" 2�7�,?J32@8)2@(+736n73(+7 -3J�" 032�KE6�uD<6u,/$C*@6u&5(+= - (+K ,/$C=�6)7�,<( DE2�$ - 65&)J3*@2�$CKE6u0�6)*�*@(
8)65K<(x$CD<DE(+*�J�,<( � 03( '+6 6)7365K<�+2�$�*@2?Q%6)K?$F650 6)7�6)K<�C2�$g2�7�,?65K<7�$g&)(+2@73&)2@03(+73( ��(.-�-3J3KE6 DE6 65D<2�D ,/$
J37�$x,<K?$C7�D<2�852�(+7�6 $x,?65=1-%6)K<$',?J�K?$���7�2@,/$��#@�2�73D ,?6)2@7n6 GN(+DE6F736)�C*�2 $C73732 �U6)7�,?2|0�6)* DE6)&5(+*�(
D<&5(+K<DE(1A�$C7�73(x=�(+DE,<K?$',<(g&/A36CB - 65K�J37 ��$CDU032;Q (+DE(+732
*�2EQ 65K<237�(+7 2@7",<6)K<$C�+6)7�,<2 B"736)*
*@2�=�2@,?6
,?65K<=�(�0�2�7�$C=�2�&5(��Z&)2@(�

N → ∞ B
V → ∞ B =>$

N/V → cost
�jB 6)DE2�DE,<6xJ37 ''$C*@(+K<6 ��732 %

,?(>036)*@*�$ ,?65=1-%6)K<$',?J3K<$1-%6)K &)J32�2�*H-%(C,?65738)2�$C*�6g&/A32@=>2@&)(�D<2�$C737"J3*�*�$	�NDE61*�$ ,?65=1-%6)K<$',?J�K?$
D<&56)730�6FD<(C,E,?(��"J36)D ,?(�''$C*�(CK<6 &)(+730�2�8)2@(+736 736)&56)D<D<$CK<2�$�- 65K<&/A��F2@* 7"J3=�6)KE(1032�-�$CKE,<2�&56)*�*@6 DE2
&)(C73D<65K0'�2 F&/A36g*�( DE,?$',?( � (+7�0�$C=�6)7�,/$C*@6 -%(+D<DE2�6)03$�J37b7"J3=�6)KE(�0�2|(�&5&)J�-3$C8)2@(+736g= $'&)K<( %
D<&5(�-32@&)( �Z&52�( :0�6)*�* " (CK<032@736:0�6)*�7"J3=�6)KE( ,?(C,?$C*�6�032 -�$CKE,<2�&56)*�*@6��kB%=�6)7�,<K<61*�$ DE,?$',?2@DE,?2@&Q$�032
GN(+DE6�$CD<DE6)�+7�$�$C�+*@2d$C*-,?K<2 DE,?$',?2dJ37u7"J3=�6)K<(�032d(�&)&5J�-�$C852�(+7�6F032d(+K<0�2�736 � �
�#" 65DE,<6)73DE2�(+736 $'*H&Q$'D<(p032 -3$CKE,<2�&)65*�*@6 &5(+7���7�$I,?6 �Z&52�( ;2@7 -3K<65D<65738Q$ 032HJ�7 - (C,<6)73852�$C*@6
6)D ,?65K<73( ��6)0>2�7�,?65K?$C�C6)7�,?2�0365*
K<2�DEJ3*@,?$',?(F0�2�G�(+D<6t6)0 @�2�73D ,?6)2@7>7�(+7  2�7��+65736)K<$C*�6tDE6)= -3*�2 %
&)6'� � 7F" 6�'�2@036)738)$ 036)�C*�2d6�A 65,E,?2�0365*�*�$�&)(C73036)7�D?$C852�(+736:2�7uJ37;DE2�D ,?6)=>$>2@7�,?6)K<$C�+657",<6:DE(+73(
*�6 -3K<(�-�K<2�6j,SR10365*�* " 65*�2�(�*�2E�"J32�03(�� � ! � B�= $12@* DE2�DE,<6)=>$12�7n&5J32F�"J36)D ,?6 -3KE(�-3K<2@65,�R16)=�6)K<�C(+73(
2�7�=>$C732@6)K?$ &/A�2�$CK<$ tJ37���$CDU032
$',<(+=�23032�*@J32@,<( 6t&)(+7���7�$',<(:2@7�J�71-%(C,?65738)2�$C*�6t$'K<=�(+732�&5(
� � K � � /�$C*�2]&5(+73032@8)2�(C732�D<(C73( D0- 65K<2�=�6)7�,?$C*�=�6)7�,?6nK<$C�+�+2@J373�+2EQ32�*@2�� &5� K5��&Q$D-|� � �12�7 J37
D<2@DE,<6)=>$;$C0 J3*@,<K?$u$C*@,<( '�J3(C,<(;6>=>65032�$C7�,<6�J�7X&)(+7���7�$C=�6)7�,?( 032U,?2?-%(u= $C�C7365,<2�&)(�� ��*
-%(C,?65738)2�$C*�6 0�2d&)(+7��37�$C=�6)7�,?(3B�D&'�2�*�J -�-�$',<( 2�7�,?(+KE73(�$C*|=�2�732@=>(�B�$CDED<J3=�6g*�$x� (+KE= $ �

V =
1

2
m (ω2

xx
2 + ω2

yy
2 + ω2

zz
2)

� � � � �

$n&)J32�&5(+K<KE2�D0- (+7�036 J373(bD*-%65,E,?KE(u0�2�D<2@73�+(+*�$ -�$CKE,<2�&56)*�*�$>&)$CK?$',E,?65K<2�858Q$',<(b0�$ ,?K<6 7"J3=�6)KE2
�"J�$C7�,?2@&)2��

ε(nx, ny, nz) = h̄((nx + 1/2)ωx + (ny + 1/2)ωy + (nz + 1/2)ωz)
� � � � �
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LN(+=�6,'+6)0�K<6)=�(F$C* -�$'K?$C�+K<$'� ( ��� � � N]*�$],?K<$.-�-%(+*�$tJ�,?2@*�2@8)8Q$I,/$�7365�+*�2"6)D0- 65K<2@=>657",<2"K<2?-%(+K ,/$',<2
2@7uDE6)�+J�2@,?(�-�K<6)DE6)7�,/$�J37u&)(+7���7�$C=�6)7�,?(�$CKE=>(C732�&5(12�7nJ373$��C6)(+=�65,<K<2�$1&52�*@2�7303KE2�&)$:2�7n&5J32
�"J32@73032UD<2#-3J�";2�7�032E'�2�0�J�$CK<6xJ37X$CDED<6�032�D<2@=>=�65,<K<2�$ �Z2�7�032�&)$',?(n&5(+7 8 �j� � J�6)DE,<(;73(C7 
&/A36�J37u&Q$CDE(1-3$CKE,<2�&)(C*�$CKE6H0365*�-3K<65&)6)0�6)7�,?6:2�7b&)J32

ωx = ωy = ω⊥

�
G 65*�*7" $.-�-�K<(+DED<2�=>$C852�(+736gDE6)=�2�&)*�$CD<DE2�&)$>032 - (C,<6)KH,<K?$CDE&)J3K<$CK<6x*�$ DE6=-�$CK<$C8)2@(+736x,<K?$ 2�*�2 %

'C6)*�*@2F6 ,?K?$I,<,/$'K<6 *�$p036573D<2-,SR 036)�C*�2 D ,/$',<2F&)(+=�6 J37 &5(+7�,?2@7�J�( �Z$.-�-3KE(+D<DE2�=>$C8)2@(+736 &/A36
032 '�2�6)7�6n6)D?$I,<,/$ 7365*]*�2@=>2-,?6

N → ∞ 6nDE6
kBT � h̄ωi

B
i = x, y, z

�:D<2](',<,?2@6)736 &/A36
2@*�''$C*@(+K<6�036)*@*�$�,?6)= -%6)K?$I,?J3K<$ $ &)J�2�2�*H-%(C,?65738)2�$C*�6�&/A32�=�2�&5( K<$C�+�+2@J373�+6:2�*�''$C*�(+KE6x*@2�=�2@,?6

µc = 3/2h̄(ωx ωy ωz)
1/3 g0�$',<(�0�$C*�*�$1&)(+7�032�852�(+736 � � K � �

N = ζ(3)
(kBTc)

3

h̄3 (ωx ωy ωz)

� � � � �
03( 'C6

ζ
�*�$x� J373852�(+736F8565,?$�032HPt2�65= $'737 �

ζ(3) = 0.94
�j�

� $'*�*�$�-�K<6)&56)03657�,?6xDE2d6�'�2�7�&)6g&/A36 �

kBTc = 0.94 h̄ (ωx ωy ωz)
1/3N1/3 � � �65 �

� $'*�*�$ 6=�"J�$C852�(+7�6 � � � 5 � �-%(+D<DE2?Q32@*�6UK<2@&Q$ ''$CK<6�J37�$H036 ��732@8)2�(C736N&5(+K<KE65,<,?$H032�*�2�=�2@,<6�,?65K<=�(D%
032@7�$C=�2�&5( -%6)K �"J36)D ,?2 DE2�D ,?6)=�2%$x&)J�2 *�$�036 ��732@8)2�(C736 03$',/$�2�7 -�K<6)&56)0365738Q$�-%6)K�2�*
��$CD�73(+7
2@7",<6)K<$C�+6)7�,<6:73(C7 DE2�$.-�-3*@2�&Q$�B30�$',?$�*�$ *�(+KE(�2@73(+=�(+�+65736)2-,SR�����*d*@2�=�2@,<6 ,?65K<=�(�0�2�7�$C=�2�&5( 
036 ��732-,?(�0�$C*�*@6 &)(C73032�852�(+7�2

N → ∞ B
ωi → 0

= $
N(ωxωyωz) → cost

2�7b=�(�03(�&/A36�*�$
,<6)= - 65K?$',<J3K?$ &5K<2@,<2�&)$ D<2�$ Q 657 036 ��7�2@,/$ 7�6)*�*@2�=�2@,?6F,<6)K<=�(�032�7�$'=>2@&)(3� ��7 �"J365DE,<( *@2�=�2@,?6
 - (+DED<2EQ32�*@6:KE2�&Q$ ''$CKE6:* " $C7�0�$C=�6)7�,?(�J3732 '+6)KED?$C*@6x0365*�*�$�� K<$C8)2@(+736�&)(+730�6)73D<$',/$n$C*�032�D<(C,E,?(
0365*�*�$x,?6)= -%6)K?$I,?J3K<$�&5K<2-,?2�&)$ � � K � �

Nc

N
= 1 −

(
T

Tc

)3 � � �ON �
� J365DE,?(>$C7303$C=>657�,?(1,?2E-32�&5(10365*�*�6 ,?K?$'73D<2@8)2�(C732 0�2 �Z$CD<6 -�J�"�6)D<DE6)KE6:D0-32�65��$',?( �CJ�$CK<03$C7303(
2@*�&5(+= - (+K ,/$C=�6)7�,<( �"J�$'7",<2�D ,?2�&5(H0365�+*�2�$',<(+=�2 � � 73$ DE,<2�=>$ �"J�$'7",<2@,?$',?2 'C$t0365*�*7" 6)D ,?6573D<2@(+736
0365* -3$C&)&/A36j,<,<( 0F" (+730�$ $',?(+=�2�&5( >0�$I,/$b0�$C*�*�$n*�J373�CA36)858Q$ 0 " (+7�0�$;$CDED<(�&)2�$',/$u$C*U=>(',?(
,<6)K<=�2�&5(n036)*@*�61DE2�73�C(+*�6 -�$CKE,<2�&56)*�*@6CB 0365,E,/$ � ���������
	�	 � �� �I�%���u���j�������<�;�����1���t�?�
�C��� � 6
036 ��732-,/$�0�$

λT =

√√√√ 2πh̄2

mkBT

� � � ! �
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��65K>2 -�$CK?$'=>6j,?K<2�,?2?-�2�&)2N036)�+*@2�6)D0- 65K<2@=>657",<2](+�+�+6j,<,<( 0�2 ��J�6)DE,<( *�$ 'C(+K<(�B�$'*�*�$ DE&Q$C*�$ 032
,?65=1-%6)K<$',?J�K<6H0�6)* &56)7�,?2@7�$C2@(x032%7�$C73( % �F6)* '�2@7|B"D<2 A�$

λT ' 300
73=uB"=>657",<K<6 *�$�0�2�DE,?$C738)$

=�6)032�$b,<K?$ *@61-3$CKE,<2�&)65*�*@6CB�&/A36 -3J�" 6)DED<6)KE6n&)(+7�D<2�0�6)K?$I,/$ 0�6)*�* " (CK<032@736�032
n̄−1/3 �Z0�(�'C6

n̄
2�7�032�&)$1*�$1036573D<2-,SR�=>65032�$10365*d&Q$C= -32@(+736��kB�'B�736)*d73(CDE,?KE(>&)$CD<(�B32�7�� 65K<2@(+K<6F$

250
73=u��G 6

&)(C73D<65�+J36F&/A36F$ ��J�6)DE,<6 ,?65=1-%6)K<$',?J3KE6H032 '�2�6)7�6H2�= -%(+D<DE2?Q32@*�6�,?K<$CD<&5J3K?$'K<6H*�$:&5(+K<KE6)*�$'8)2�(C736
,?K<$�2H-�$'&)&/A36j,<,?2�0F" (+730�$>$',?(C=>2@&)2 B�&/A36:,<6)730�(+73( $�D<( '�K?$D-�- (CK<D<2��N*�$ ,<K?$C7�D<2�852�(+7�6�0�2��Z$'D<6
D<2 6)D0-3*�2@&Q$ -3KE(�-3KE2�(17365* �Z$',E,?(1&/A36F*�$:*@J373�+A3658)8)$1032 &5(�65K<6)7�8Q$ 036)* D<2@DE,?65= $ -�$CD<D<$�B�$',E,?K<$ %
'+65K<D<$C7303(u2�* ''$C*@(+K<6x032�,?65=1-%6)K<$',?J�K?$ &)KE2@,<2�&)(�B|0�$C2�&52�KE&Q$

300
73= 03652�D<2@73�+(+*@2 -�$'&)&/A36j,<,?2

0F" (+730�$�$',<(+=>2@&)2 $C*�*@6 0365&)2�7�6�0�2d=>2@&)K<(C7n(�' 'C6)K<( $C*�*�$x032@=>6573D<2@(+736 ,?(',/$C*@6 036)*dDE2�D ,?6)=>$��
� 7�6)&)65D<D<$CK<2@(u0�J37��"J361,?K<$',<,?$CK<6x2�*�-3K<(�Q�*�6)=>$>2@7 =�(�03(1-32�657�$C=�6)7�,?6 ��J3$C7�,?2�D ,?2@&)(n$

-�$CK ,?2@K<6�0�$C*�* " A3$C=>2@*@,<(+732�$'7�$>&5(+=1-�*�65,?$ 0365*NDE2�DE,<6)=>$ &/A36'B�2�7 D<6)&5(+730�$ �"J�$'7",<2�858Q$C852�(+736'B
$CDED<J3=�6g*�$x� (+KE= $ � � K � �

H =
∫

dr ψ̂†(r)

[
− h̄

2∇2

2m
+ Vext(r)

]
ψ̂(r) +

+
1

2

∫
dr dr′ ψ̂†(r)ψ̂†(r′)V2(r − r′) ψ̂(r′)ψ̂(r)

� � �OK �

03( '+6
ψ̂†

�
ψ̂
��2�73032@&Q$ *7" (�-%6)K?$I,?(+KE6 Q%(+D<(C732�&5( 032 &)KE6Q$C852�(+736��Z0�2�DE,<K<J3852�(+7�6��jB

Vext

2�* -%(D%
,?65738)2�$C*�6 65DE,<6)K<7�( 6

V2
2@*B- (',?6)7�8)2�$'*�6 032�2@7�,?6)K<$C8)2@(+736�$b03J36�&)(CK*-32 � LN(+=>6�'C6)03KE6)=�( 2@*

-�$CK<$C=�65,?KE( 0F" (+K<0�2�736:036)*@*�$>,<K?$C73DE2�852�(+736�0365D<&)KE2@,E,/$ D<(.-3K?$ �-�K<(�-3KE2�( 2@*�&)$C= - ( &5*�$CDED<2@&)(
�Z&5(+= -3*�65D<D<( � 〈ψ̂〉 ≡ Φ

�

����� ��� s 	�obe���hjr:`bs mnh�� }�r:a�a y	� hjc�egs�
 a��h5h

��* -�$CK<$C=�65,?KE(:0 " (+KE032�7�6 2@036)7�,<2 ��&)$',?(gD<(.-3K?$ '�2�6)7�6 &5(+=1J37365=>657�,?6 0365,E,?(��k����	 � �I� �H�� �I���
��� ���j���/�I�%���j���)�C��� 6�'�2@6)736�(C,E,?657�J�,?(u0�$C*�*�$ � �OK &)(+=�6 (+K<0�2�7361856)KE( 0365*�* " $.- -3K<(+DED<2@= $ %
8)2@(+736 032 &)$C= - (:=>65032�(:6)DE,<6)D<$�$'* &)$CD<(12@73(+=�(+�+65736)( �Z&)2@(� 6)D ,?65K<7�$C=�6)7�,<6F&)(+7��37�$',?( ��6
032E- 6573036)7�,<6�03$C*|,?65=1-%( � � N"B � K � �
��7X�+65736)K<$C*�6'B� DE6)= -3K<6 *�6)&52@,<(;6)D0-�$C730�6)K<6 *7" (�- 65K?$',<(+K<6�032 GN(+D<6>2�7�,?(CK<73(;$C*�DEJ3( ''$C*�(CK
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=�6)032@( � � N�B � K � �

ψ̂(r, t) = Φ(r, t) + ψ̂ ′(r, t)
� � � + �

4�6 2@*t7�J�=>65K<(p032H$',?(+=�2t736)*H&)(+730�6)73D<$',?(3B
Nc

B  ,/$C*@6;0�$ -%(C,?65K &5(+73D<2@036)K<$CK<6
Nc ∼

Nc ± 1 ∼ N
(�=�6)�+*@2�(3B�D<6 �,?$C*�6F03$�&5(+73D<2@036)K<$CK<6g*@6�&5(+7����CJ3K?$C852�(+7�2|&)(+KEK<2@D*-%(+7303657",<2�$

�"J365DE,?2�DE,?$',?2U&5(+=>6�6���J�2?-3KE(�Q�$.Q32@*�2 Bd$C*�*@(+K?$ DE2,-3J�" ,<K?$CDE&)J3K<$CK<6�*�$ ��J�,<,?J3$C8)2@(+736�2�7�,?(CK<73(
$C*;''$C*�(+KE6 =�6)0�2�(1650n(C,<,<6)7365K<6 J37 " 6���J3$C8)2@(+736F&/A36 �C(�'C6)KE7�$ *�$:0�2�7�$C=�2�&)$�0�6)*F-�$'K?$C=�65,<K<(
0F" (+KE032�736

Φ(r, t)
B3$ -�$I,<,?(�032 0�$CK<6F� (+KE= $165D*-3*@2�&52@,/$ $'*F- (',?6)7�8)2�$'*�6F032|2@7�,?6)K<$C8)2@(+736

V2

�
� �"J365DE,<(1D<&5(�- (xA�$:65DE,?KE6)=>$:2@=1-%(+KE,?$C738)$g2@*�&)(+D���0�65,<,<(��J-3$CK?$C=�65,<K<(g032%032�*@J32�852�(+7�6	�

&52�( 
n̄ a3

s

&/A36;=>2@D<J3K<$ 2@* K<$.-�-%(+KE,<( ,<K?$ *�$ 032@DE,?$C738Q$ 6�
�&Q$'&)6 0365*�*@6 2@7",<6)K<$C8)2@(+732 B�0365* %
* " (+KE032�7�6�0�6)*�*�$ *�J373�CA36)858Q$�032�032EA J3D<2@(+736 �

as

�jB
036 ��732@,?$>$ -�$CK ,?2@K<6g0�$C*@*�$1D<658)2@(+736�0F" J�KE,?(
65*�$CD ,?2�&)$�$',?(+=�(D%�$',?(+=�(�� � + � B�6g*�$10�2�DE,?$C738)$�=�6)0�2�$1,?K<$�*@6 -�$CK ,?2�&56)*@*�6CB

n−1/3 �
��7X,<J�,<,<6 *�6>D<2-,?J�$C852�(+7�2�D0- 65K<2@=>657",?$C*�2�2@7X&)J�2  D ,/$',?$;K?$'�+�+2�J�7",?$u*�$ &5(+73036573D?$C852�(+7�6 032
GN(CD<6(%4@�2�73D ,?6)2@7 7�6)2]��$CD�$',<(+=�2�&)2 ''$C*�6n* " $.- -3K<(+DED<2@= $C852�(+7�6 032]��$CD1� (CKE,?65=>657�,?6b032�*@J32@,<(
-%6)Kt&)J�2 �

n̄ a3
s � 1

� � � M �

��7 �"J365DE,?(nKE6)�+2@=>6g*@6:2@7",<6)K<$C8)2@(+732�D<(+7�( -3K<6(''$C*�657",<6)=�6)7�,?61$>03J36x&)(+K0-32�65D<DE6)7303(b=�(+*@,<(
Q�$'D<D?$b*�$ -�K<(�Q�$DQ32�*@2@,SR>&/A36 ,?K<6�( -32� -3$CKE,<2�&)65*�*@6 -%(+D<D<$C73(b,?K<( ''$CKED<2�$n032@DE,/$'738Q$ ,/$'*�6 0�$
2@7",<6)K<$C�+2�KE6 ,<K?$x*@(+K<(�� � J36)D ,?( D0-32�65��$ -%6)K<&/A��F736)*@*�$ � � �OK �U2@*�-%(C,<6)73852�$C*@6 032 2�7�,?65K?$C852�(+7�6#
&5(+73D<2@036)K<$',?(>J37 -%(C,<6)73852�$C*@6g$�03J�6x&)(CK*-32 � � J36)D ,?(3B
7365*�*@2�=�2@,<6H032HQ�$CDED?$�,?6)= -%6)K?$I,?J3K<$�B
 036)DE&)K<2-,<,<(xJ3732@&Q$C=�6)7�,<6 0�$'*�*�$g*�J�73�+A3658)8Q$�032%032EA J3D<2@(+736t2�7>(+730�$

s
����7 �"J36)D ,?6F$D-�-3K<(CD&%

DE2�=>$C8)2@(+732 B &)(+=�6�K<2�&)$ 'C$I,?(b736)* � M+��!n2�7 J37 $C*@,<K<(b&)(+7�,<6)DE,<(;0�$ @�73K<2@&)( #�6)K<=�2 � � M � B�D<2
-3J�"�$.-�-3KE(+D<DE2�=>$CK<6 * " 2@7�,?6)K<$C8)2@(+736 &)(+7nJ�7 -%(C,<6)73852�$C*@6H032 &)(+7�,/$I,<,?(���-3D<65J303(�-%(C,<6)73852�$C*@6��
&/A36:$C*@*7" (+K<032@736 -�2�� Q�$CDED<(�A�$�*�$x� (+K<=>$	�

V2(r − r′ = x) = U0 δ(x) =
4πash̄

2

m
δ(x)

� � � � � �

��$F&)(+D ,/$C7�,<6
U0

t0365,<6)K<=�2�73$',/$HKE2�&/A32@6)03657303(g&/A36 *�$ DE6)8)2@(+736]0F" J3K ,?(�6)*�$'DE,?2@&Q$ ,<(C,/$'*�6�&/A36
DE2dK<2�&)$ 'C$ 0�$'*�*�$ � � � � � ��DE2�$ *�$1D ,?6)DED?$�0�$',/$�0�$C* - (C,<6)73852�$C*@6 K<6)$C*�6'�
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LN2 " - (+D ,?(3B'0�$',<( &/A36N2@7xK<$.-�-3KE6)D<657�,/$C852�(+736N032�� 6)2@D<6)7 Q%6)KE� ''$C*�6�K<2@�+(+K<(CD?$C=�6)7�,?6 � � K � �

ih̄
∂

∂t
ψ̂(r, t) =

[
ψ̂,H

]
=

=

[
− h̄

2 ∇2

2m
+ Vext(r) +

∫
dr′ ψ̂† V2(r − r′) ψ̂(r′, t)

]
ψ̂(r, t)

� � � �.� �
4�(+D ,?2-,?J3657303( $

V2

* " 65D*-3KE6)DED<2�(C736 � � � � � � 6)0{2�7�,<K<(�03J3&)657303( *7" $.-�-3KE(+D<DE2�=>$C8)2@(+736 � � � + �
$C*@*7" (+K<032@736H856)KE(��

ψ̂ = Φ
��D<2d(',<,?2@6)736 �

ih̄
∂

∂t
Φ(r, t) =

(
− h̄

2 ∇2

2m
+ Vext(r) + U0 |Φ(r, t)|2

)
Φ(r, t)

� � � � � �

&/A36 -3K<6573036g2�* 73(+=�6F032d6=�"J�$C852�(+7�6�0�2�$gKE(+D<DJ%���2@,?$C6�'�D*)"2d032E- 657303657",<6g0�$C*|,?65=1-%( � �'� � �
�N*@2�=�2@,<2%0�2 ''$C*�2@032@,�Rx032 ,?$C*�6F6���J3$C8)2@(+736gD<(+7�( �"J365*�*@2|036)*@*�6F$D-�-3K<(CD<D<2@= $'8)2�(C732 032�-�D<6)J�03(D%
-%(C,?65738)2�$C*�6���Q�$CDED?$ ,?6)= -%6)K?$I,?J3K<$�B3��$CDt032@*�J32-,?( ��6 � � � + � �

Nc ∼ N
B
N � 1

�j�
� $C*@*7" 6=�"J�$C852�(+736 � � � � � ��DE2�KE2�&Q$ ''$ *�$ � (+KE= $t0365*�*�( DE,?$',?( � (+730�$C=�6)7�,?$C*�6�$ ,<6)= - 65K?$',<J %

K?$:8)6)KE(��Z03( '+6FDE2 A�$
N = Nc

�j����= -%(+736)7�03( 2�7��Z$I,<,?2
J37 -3KE( ��*@(x032 036)73DE2@,�R1DE,/$'8)2�(C7�$CK<2@(

Φ(r, t) =
√
n(r) exp(iµt)

* " 6��"J�$C8)2@(+736�� � � � � �d032E'�2@6)736�J37�$ 6=�"J�$'8)2�(C736�032�4�&/A3K02�032@73�+65K
73(+7u*�2@736Q$'K<6 �

(
− h̄

2 ∇2

2m
+ Vext(r) + U0 n(r)

)√
n(r) = µ

√
n(r)

� � � � � �

LN(+=�6 D<2 -3J�" 032@=>(CDE,?K<$CK<6 �Z&j� K)� � � K � �:*�$ D<(+*@J38)2@(+736 $'*�*7" 6=�"J�$'8)2�(C7361-�K<6)&56)03657�,?6b=>2@732 %
=�2�8)8)$ 2�*|� J373852�(+73$C*�6F65736)KE�+2�$�$�7"J3=�6)KE( 032�-3$CKE,<2�&)65*�*@6���D<D<$',?(>6:*�$�&5(+DE,?$C7�,?6

µ
$CDED<J3=�6

2�* D<2��C732 ��&)$',?( 0�2�- (C,<6)73852�$C*@6 &/A32@=>2@&)( 0�$',<(�&/A36 �

µ =
δ〈H〉
δN

=
1

N
(Ek + Eho + 2Eint)

� � � � 5 �
03( '+6

Ek

B
Eho

B
Eint

2�730�2�&Q$'73( K<2@D*-%65,E,?2E''$C=�6)7�,<6�2�*3'C$'*�(+K�=>65032�( 0�6)*�&)(C7",<K<2EQ3J�,?(F&52�736j,?2@&)(
$CKE=>(+7�2�&)( 6F0�2d2�7�,?65K?$C852�(+736g$'* ''$C*�(+KN=>65032�(�0365*�*7" 6)7�6)K<�C2�$��
� J�$C730�(u,<K?$',E,?6)KE6)=�(b2�7 0365,E,/$C�C*�2�(n2@*B-3KE(�Q3*�65= $ 0�6)*�*�$nDE,/$DQ32�*@2@,SR>032�J37 &)(+730�6)73D<$',?( 2�7
J37 K<65,<2�&5(+*�(�� �/��� N �jB�(CD<D<65K0'C6)K<65=>(;&/A36 0�$'*�*7" $C7�$'*�2�DE2�0365*�* " 6���J3$C8)2@(+736 � � � � � � 032E- 6573036�*�$
DE,?$.Q32@*�2@,�R 6)7365K<�+6j,?2�&)$ 0365* DE2�D ,?6)=>$�B�=>657",<K<6 *�$ D<(+�+*@2�$ 0365*�*7" 2�7�DE,/$DQ32�*@2@,SR 032�7�$'=>2@&Q$ -3J�"
6)DED<65K<6�(C,<,<6)7"J�,/$�$ -�$CKE,<2�KE6 0�$C*@*�$ � � � � � �j�
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����������������
������������� �"!�����
��$#&%�'�(���

��$]D<(+*@J38)2@(+736�$'*�*7" 6=�"J�$'8)2�(C736 � � � � � ��-3J�"t6)DED<65K<6U,?K<( ''$',?$�- 65KF'�2�$]7�J�=>65K<2�&)$�B =>$�B736)*+&)$CD<(
032�2@7",<6)K<$C8)2@(+732|KE6=-3J3*@D<2 '+6 �

as > 0
�jB
J373$�&5*�$CDED<6�032�D<(+*@J38)2@(+732d$C73$C*�2-,?2�&/A�6F032�-�$CK ,?2�&5(+*�$'K<6

J�,<2�*@2@,SR�7�6)*�*�$ '+(+KE( D0- 65K<2@=>657",?$C*�6'B  �"J36)*@*�$]&/A36�D<2�(C,<,<2�6)7�6�7�6)*�*�2�=�2@,<6�2@7:&5J32�2@*�&)(+7�,<K<2?Q�J�,?(
032�2�7�,?65K?$C852�(+7�6x03(+=�2�73$>D<J �"J365*�*@( &)2@7365,<2�&)(>( '3'C6)KE(u2@*�*@2�=�2@,<6CB�036j,<,?(b$D-�-3K<(CD<D<2@= $'8)2�(C736
032�/]A�(+= $'D&%�#�65K<=�2 B�2�7b&)J32��

Eint

Ek
' Eint

Eho
' N U0 n̄

N h̄ω
∼ U0 N a−3

ho

h̄ω
' N as

aho
� 1

� � � � N �
03( 'C61&)(+7

aho

D<2 �2�730�2�&Q$I,/$�*�$ &)(+DE2�030�65,<,?$>*@J373�+A3658)8)$>032�(+DE&)2�*@*�$',<(+K<6g$'K<=�(+732�&5( -�$CK<2�$
√
h̄/mωi

�
��7 �"J36)D ,?6b&)(+7�032�852�(+732�D<2]A�$ &/A36b* " 2@7",<6)K<$C8)2@(+736 0�(+=>2@7�$;DEJ3*�*�$;� (+K<8)$ 032�K<2@&/A32�$'=>( 0�6)*
-%(C,?65738)2�$C*�6 $CK<=�(+732@&)(x6F0�2|&)(+7�D<6)�CJ36)738)$>�+*@2 $I,?(+=�2 ,<6)7303(C73(�$C0n6)DED<6)KE6:D0-32�7�,<2|*�(+7�,?$C73(
0�$'*�&56)7�,?KE(n036)*@*�$ ,?K?$D-�- (C*�$	��* " 6(A 6j,<,<( &)(C=1-3*@6)DED<2E'C(  �"J365*�*@( 032�K<6573036)KE6�-32�� J3732-� (+K<=�6
2@* -3KE( ��*@(;032�036)73DE2@,�R;6 032@=>2@7�J�2�K<6 � (+K ,?65=>657",<6 2�*�,<6)K<=�2�7�6 &)2@7365,<2�&5(;&/A36n032E- 6573036 03$C*
�+K<$C032@6)7�,?6�032�036573D<2-,SR���G 6)*�*�2@=>2-,?6 � � � � N �HDE2#-3J�"u036)*�,<J�,<,<(u,<K?$CDE&)J3K<$CK<6�2@*�&)(+7�,<K<2?Q�J�,?(
&52�736j,?2�&5(�6�* " 6��"J�$C8)2@(+736 � � � � � �ND<2dKE2�03J3&56g$C0uJ37F" 6=�"J�$C852�(+736�$C*@�+6=Q�K<2�&)$10�$ &)J32dDE2dK<2@&Q$ ''$	�

n(r) =





1
U0

(µ− Vext(r)) se µ− Vext(r) ≥ 0

0 se µ− Vext(r) < 0

� � � � ! �

�H2%&)(C73D<65�+J36)7�8Q$12�7>$.-�-�K<(+DED<2�=>$C852�(+736t032;/]A3(+=>$CDJ%�#�6)KE=>23*�$g� (CK<=>$�0365*�-�K<( ��*@(:0�2%0�6)7 %
DE2@,SR�CB
7365*d&Q$CDE( 032d&5(+7���73$C=>657�,?( $'K<=�(+732�&5(3B�J�7 -�$CK<$.Q%(+*�(+2@036 65*�*�2-,<,<2�&)(:,?K<(C73&Q$',<(�&/A36CB
7365*�&)$CD<(F032�J37 &)(C7���7�$C=�6)7�,<(F$ D<2@=>=�65,<K<2�$]&52�*�2@7303KE2�&Q$�B -�J�"F6)DED<6)KE6]D<&5K<2@,E,?( 7�6)*�*�$ � (+KE= $ �

n(r) = n0

(
1 −

(
r⊥
R⊥

)2

−
(
rz

Rz

)2
) � � � � K �

� J365DE,/$ D<2�032 A 65K<65738)2�$ �"J�$C*@2@,?$',?2 'C$'=>657",<6�0�$'*�*�$�0�2�DE,<K<2EQ3J38)2@(+736�&/A36�2�*C&)(+730�6)73D<$',?(H$ '�KE6=Q %
Q%6H2@7 $CDED<6)7�8Q$1032%2�7�,?65K?$C852�(+7�2 ��2�7 �"J365DE,<( &Q$CDE(x2�7��Z$',<,<2%65D<D<$1D?$CKE6=Q�Q%6 �"J365*�*�$�036)*@*�(�DE,?$',?(
� (+7�0�$C=�6)7�,/$C*@6F036)*�-%(C,<6)73852�$C*@6 6)D ,?6)KE73( 6 �"J32@73032d��$'J3D<DE2�$C7�$��

��7 ��J�6)DE,?$�D ,?65D<D?$�$.-�-�K<(+DED<2�=>$C852�(+736# - (+DED<2EQ32�*@6HK<2@&Q$ ''$CK<6HJ37�$1� (+K<=>$xDE6)= -3*�2@&)6 -%6)K
2 -�$CK<$C=�65,?KE2�&Q$'K?$',E,?6)KE2�D ,?2�&52�0365*�*�$ � � � � K �j� ��7 -�$'KE,?2@&)(+*�$CK<6'BUD<2�&5&)(+=�6b*�$ 032@DE,?KE2?Q3J�8)2�(C736
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DE,<6)DED?$ D<2t$C737"J3*@*�$;DEJ3*�*�$ D<J�-%6)K ��&)2@6
Vext(r) = µ

BUD � K<J�,E,/$C730�( *�$ 73(+KE= $C*@2�858Q$C852�(+736�032

n � B%D<2�(C,E,?2�65736xJ�7F" 65D*-3KE6)DED<2�(C736�-%6)KH*@6 �"J�$'7",<2@,�R
R

&/A36x&)(+= -�$C2@(+73(�736)*@*�$�� � � � K �]6x&/A36
D<(C73( 036j,<,<6>�E� � ���N0�6)*�*�$ 032�D ,?K<2EQ3J3852�(+736g032H/]A3(C= $CDJ%�#�6)KE=>2 ����6)K J37 -%(C,<6)73852�$C*@6g$ 'C6)7�,?6
D<2@=>=�65,<K<2�$1$CD<DE2�$C*@6 D<2dA3$	�

Rz,⊥ =

√√√√ 2µ

mω2
z,⊥

=
a2

ho z,⊥

āho

(
15Nas

āho

)1/5 � � � � + �

03( '+6�*�$��"J�$'7",<2@,�R
āho

2�730�2�&Q$1*�$1=>65032�$

āho = (a2
ho⊥ aho z)

1/3.

LN(+=�6b0365,E,?( D<2tA�$ &/A36 2@7 ��J�6)DE,<6;&5(+73032@8)2�(C732�*�6n0�2�=�6)73DE2�(+732N036)*@*�$ 7"J '+(+*�$ &5(+7303657 %
D?$I,/$XD<(C73( =>(+*-,?( D<J�-%6)KE2�(+KE2 $ �"J36)*@*�6 0�6)*�*@(XDE,?$',?(X� (C730�$C=�6)7�,/$'*�6 0365* -%(C,?65738)2�$C*�6 032
&)(C7���7�$C=�6)7�,<(�� � ∼ aho

�k�

��� � ��� � ������
�� ��� �����
 ��� ����

	 �����	�	�� � � 
�� � � ����	 � ��� ����	 � �

� 2 ��732%0365*�*�$g,?K<$',<,?$C8)2@(+736tD<J3&5&)65D<D<2 ''$� 736)&56)DED?$CKE2�(1D0- 6573036)KE6 �"J�$C*�&/A�6 -�$CKE(+*�$�K<2@�+J�$CKE03(
$C*@*�$:� (+KE= $1&/A�6:2@*|&)(+7�036)73D<$',?(>$CDED<J3=�6g736)*@*�( D*-3$C8)2@(�0�6)2d=�(+=>657�,?2 �
� &Q$CJ�D?$ 0�6)*�*�$ D<J�$ 6)D ,?6)7�D<2�(C736��3732@,?$ 2@*�&)(C73036)7�D?$',<( -%(+D<DE2�6)0�6 J373$ *�$CK<�+A�6)8)8)$ 7�6)*�*@(
D*-3$C8)2@(n036)�+*@2�2@=1-3J�*�D<2�03( '�J�,/$u$C* -3K<2@73&)2E-32�( 0�2�2�730�65,?65K<=�2�7�$'8)2�(C736:6 03$',/$n0�$C*�=>(�03J3*@(
����������������� �"!�#�$�%&�'!)(+*-,.�/%0$1,.23��45!�6-6-��7.���148%:902;*<,.$=(0!���7.$12;!?>

∫

V

n(r)d3
r = N

(+$�@�*A4CB !5%D7"*-E1,F��45*HG�*I��7.*-�"$;�14�@1$�4�902;*
V
(+*<J&%0!�7"$K(0�

V (r) ≤ µ
�

L-M�#<#<*<%0%0!)��2;$�ND90!PO0,"*-@1*-2=*-%D7"*;��4RQS��7"7"$�#FT0*1U8#<$12;*/*-@:!5(+*-%06<!)��7.$V�"$1W&,.�&UX%0*-4Y#<���'$V(+!Z!�%D7.*<,F��6<!5$1%&*
��7"7",F��7"7"!5@[�\4?B ��W&W0,"$D�"�"!52;�16<!5$1%0*](+!_^`T0$�23�1�'acb&*<,.2=!A%0$1%dGe��W&W04�!)#<�1O0!54�*f*g��%06-!A4CB !�%D7"*-,.�16<!5$1%0*h!�%&(09&#�*
90%d#<$12;Wi$1,"7.��2;*-%�7.$j$1W&WX$D��7.$&>k4?B ��7"7",F��6-!�$�%0*]7",F�lE�4�!���7.$12;!m7.*<%&(0*e�lQS�1,V�1902;*<%D7.�1,"*h45�j(0*<%&�"!n7Foj*
ND90!5%&(+!��/�"9&��@1$14�7.��4?B !5%�7.*<,F��6-!�$�%0*1�YpA90*-�'7"$=2;*-#-#<��%&!5�"2;$/��#-��7.*<%&�=�1#-#�,.*-�.#�*q4)��W&,"*I�"�"!�$�%0*mND9&�1%�7.!5�'7"!)#<�
(+*-4r�'!)�'7"*<23�k�S#<!�$:G;!54Z7"*-,"2;!5%0*K#�!5%0*�7.!5#<$D�AW0,.$�@1$+#<�1%&(+$V��4545��J&%0*;!54r#�$�4�4)�1�.�"$V(+*-4r#�$�%&(+*-%&�"��7"$�(+!rs $��"*�a
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#�(+J3K<2@6)K�0365*�*�$F� J�738)2@(+736 0F" (C730�$g736)*@*�(gD*-�$'8)2�(�0365*�*�6t&5(�(+KJ%
032@7�$',<6C�
��6)KgJ37 - (C,<6)73852�$C*@6 $ '+657",<6>DE2�=�=>6j,?KE2�$ $CDED<2�$C*�6'B|0365,E,?(

A
2�*�K?$.-�-%(+K ,?(

ωz/ω⊥

BdD<2�A3$b2@*
DE6)�+J3657�,?6xKE2�DEJ3*@,?$',?( � �+� � �

Φ(p) = h̄−3
∣∣∣∣
∫

dr e−ip·r/h̄ Φ(r)

∣∣∣∣
2

= N
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16A

(
R⊥

h̄

)3
(
J2(x)

x2

)2 � � � � M �

03( 'C6
J2

2�7�032�&)$1*�$1� J373852�(+736F0�2HGN6)DED<6)*�$C* D<6)&5(+7303(>(+K<0�2�736F6
x

*�$��"J�$C7�,?2-,SR

x =
1

h̄
R⊥

√
p2
⊥ + (pz/A)2

��*�''$C*�(CK<61����� 0365*�*�$ *�$CK<�+A�6)8)8)$�0�6)*�*�$ 032�D ,?K<2EQ3J3852�(+736F7�6)*�*@(>D0-�$C852�(�036)2�=�(+=>657�,?2 B�&)2�( 
*�$ �"J�$'7",<2@,�R	�

∆pi =

√√√√
∫

dp p2
i Φ(p)

∫
dp Φ(p)

g*�65��$',<(�$C*dK?$C�C�+2�(10�2�/]A3(+=>$CD&%�#
65K<=�2
Ri

0�$'*�*�$:K<6)*�$C8)2@(+736 �

∆pi =

√
21

8
h̄/Ri
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��7 �3�+J3K?$ � � � D<(C73( -3KE6)DE6)7�,/$',<6�03J36�D<658)2�(C732"036)*@*�$t032�D ,?K<2EQ3J3852�(+736U032"036573D<2-,SR 736)*@*�( D*-�$C852�(
0365*�*@6F&)(�(+K<032@7�$',<6 6g736)*@*�( D*-3$C8)2@(�0�6)�+*@2|2�= -3J3*@D<2 �

���	� � � s 	�obe��Nh5r:`ns mnh�
>q�n}���mnh)`���s�} `nr:` y�� r�i5h5`nr�� h5egi5s

� J�$C7�03( DE2�$ -�K<6)DE6)7�,?6;J37 -%(C,?65738)2�$C*�6b65DE,?65K<73( -32�� &)(+= -3*�2@&Q$',<( 032 �"J36)*@*�( $CK<=�(+732@&)(
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�+65736)K<$C*�6nKE2�&/A32@6)03(C73( J37�$ &)(+= -3*�65D<DE2@,SR 0�2�&Q$C*@&)(+*@( -32�J�,<,?(CDE,?( 65*�6('C$I,/$ 6 ��J�2�73032ND<(+73(
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� � S�T ^�%Y�R�M�Y�O5T��"P�%Y�M R�P���%O)M����FPZY�O�� M�P Y

-5 -4 -3 -2 -1 0 1 2 3 4 5

z [RTF]

0

0.5

1

D
en

si
tà

 [U
. A

.]

-5 -4 -3 -2 -1 0 1 2 3 4 5

pz [ h/(2π RTF) ]

0

0.5

1

D
en

si
tà

 [U
. A

.]

������� �1�5�1>��
	���������:*<6-!�$�%0*K(+*-4�4)�](+!)��7.,"!5O0906-!�$�%0*K(+!r(+*-%&�"!n7Fol���1�5�[�1�x��� 4r,.�1E1E1!5$VG3,"!5WX$�,'7F��7.$V!5%k90%0!�7.o
(+*-4Z,.�1E1E1!5$�(0!r^`T0$123����a b0*-,"2;!������������x����	�����	����D7"*I�"�.���'*-6<!5$1%0*�U�2;�V%0*-4�45$]�'WX��6<!5$](+*<E�4�!Z!52;W0904)�'!q�S*-Ni�
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�t,?2�*@2�858)2�$'=>(:03J37��"J36�*�$1DE6)�+J3657�,?6:� (CK<=>$x�Z$',<,<(+K<2@8)8Q$I,/$	�

Φ(z, r⊥, t) = φ(z, t)ψ(r⊥, t; σ(z, t))
� � � � � �

03( 'C6:*�$ -3$CKE,<6FK?$C032�$C*�6HD<2�$CDED<J3=�6CB�&5(+=>6F0�65,<,<(3B���$CJ�D<D<2�$C7�$	�

ψ(r⊥, t; σ) =
1√
π σ

e−r2

⊥
/(2σ2) � � � �+� �

��73DE6)KE6)7303( *�$u� (+KE= $�� � � � � �g736)*@*7" 6)D*-�K<6)DED<2@(+736 0�6)*�* " $'8)2�(C736 $'D<D<(�&)2�$',/$ $C*�* " 6��"J�$C8)2@(+736�032
$FK<(+DED&%��U2-,/$C6('�D*)"2�2�6 �Z$C&56)7303(;*7" 2?-%(C,?65D<2U&/A36 *�$ -�$CK ,?6>K?$C032�$C*�6�''$CKE2�*@6)7�,/$C=�6)7�,<6 &)(C7p*�$
&5(�(+KE032�73$',/$p$CDED<2�$C*�6 6 �"J32@73032FD<2 -%(+DED?$ $CD<DEJ3=>65K<6 ∇2ψ ' ∇2

⊥ψ
BHD<2F(',<,?2@6)736'BH03(.- (

* " 2@7",<6)�+K<$C8)2@(+736 7�6)*�*�$�-�$CK ,?6gK?$C0�2�$C*@6CB�*�$ D<65�+J36)7�,<6:65D*-3KE6)D<DE2�(+7�6 �

S[Φ] =
∫

dt
∫

dz LNPSE(z, t; σ)
� � � �C� �

03( 'C6:*�$�0�6)73DE2@,SR 032d*�$C�+K<$C73�+2�$C7�$ LNPSE

A3$�*�$x� (+K<=>$1D<65�+J36)7�,<6�� �D5 � �

LNPSE = φ∗

[
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∂2

∂z2
− V (z) − gN
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|φ|2
2πσ2
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2
mω2

⊥σ
2

]
φ

� � � �D5 �
��= - (C736)730�( *�$NDE,?$C8)2@(+7�$CKE2�6j,SRN0365*+� J373852�(+7�$'*�6�� � � �C� �jB 03$C*�*@6�6=�"J�$'8)2�(C732+0329@�J3*@6)KE(D%���$C�+K<$C73�+6'B
DE2d(C,<,<6)73�+(C73(>J�7F" 6��"J�$C8)2@(+736�$C*@�+6=Q3KE2�&)$�- 65K]*�$ *�$CKE�+A3658)8Q$ 0365*�*�$�-�$CKE,<6FK?$C0�2�$C*@6 �

σ(z, t) = a⊥(1 + 2asN |φ(z, t)|2)1/4 � � � ��N �
650 J37 " 6���J3$C8)2@(+736�032EA 6)KE6)73852�$C*@6 - 65Kt*�$�-�$CK ,?6�$CDED<2�$'*�6 �
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∂t
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[
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⊥
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σ
*7" 6)D0-3K<65D<D<2@(+736 � � � ��N �jB -3K<6573036 2@* 73(C=>6u032
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����� �{eF}�e � s�cd}�h `�o � s�}�h5qNhpmns]iji � sta � s�}�h � st`�c�r

4�&5(�- ( 032 �"J365DE,<( -�$CK<$C�+K?$I� (�;0�2�D<&5J�,?65K<6 Q3K<6('+6)=�6)7�,<6 ��J3$C*�2t0365*�*�6 $.-�-�K<(+DED<2�=>$C852�(+732
0365*�2�7�6Q$',<6H7365* &)(CK<D<(x036)* &Q$.-32-,?(+*@(:DE2|$.- -3*�2@&Q$C73(x$C�+*@2%65D*-%6)KE2�=�6)7�,?2�-3K<65D<6)7�,?$',?2 2�7 �"J365DE,?(
*�$ 'C(+K<(3�
��$:D0- 65&)2�6 $',?(+=�2�&)$FDE,?J�032�$',?$ H2@* 87 P Q B�&/A36 7�(+7  * " 2@D<(C,<(�-%( -�2�� $DQ�Q (C730�$C7�,?6H036)*%=>6I%
,/$'*�*�(�B  K<$C032@(�$',<,<2E'C(3B+=>$gD ,/$.Q�2�*�6tDEJ D<&)$C*�$g�+65(+*�(+�C2�&Q$�� � *�&5J3732<-�$CK<$C=>6j,?KE23&Q$CK<$',<,<6)KE2�DE,<2�&52
032��"J365DE,?(>$',<(+=>( DE(+73(�K<2�$CD<DEJ37�,?2d7365*�*�$x,?$.Q%6)*�*�$ � � � �

� V���P R�P� � �
9;$CDED?$ $I,?(+=�2�&)$

m 1.443 160 60(11)× 10−25 Kg
� 2-,/$ =>65032�$17"J3&5*�6)$CK<6

τn 4.88 × 1010 anni
� Q�Q%(+7303$C738Q$�K<65*�$',<2E''$

η 27.83(2)%
�dJ373�+A3658)8)$>032d032 A J�D<2�(C736

as 5.77(53) nm
��J37�,?(�032|� J3D<2@(+736

TF 39.31 oC

^R��Oi*<4545���1�5�1> � (&��7"!�W0,.*-�"*<%D7F��7"!�!5%VND90*I��7F�
7F��Oi*<4545�;�"$1%0$�7",F��7"7"!8(0��z }��[{8�1(�*-#-#�*-6<!5$1%0*�(+*<4�@���45$1,.*�(+!
as#FT0*_�"!8,"!�Qy*<,.!)�"#<*H�14�45$3��7F��7"$

|F = 2, mF = +2〉
*-(�G�7",F��7"7"$3(0�Vz }��[{c�

�#" $.- -�$CK?$I,?( D*-%6)KE2�=�6)7�,/$C*@6b$',<,<2E'C( -�K<6)DED<( 2�*]�H@UG 4p6b036)DE&)KE2@,<,<( 7�6)*]&Q$D-32@,<(+*�( � 
&Q$'K?$',E,?6)KE2�858Q$',<(�03$�J37 -%(C,?65738)2�$C*�6F032d&5(+7���73$C=>657�,?( $'K<=�(+732�&5( &)(+7uD<2@=>=�65,<K<2�$1$CD<DE2�$C*@6
2�&)J32�-�$CK<$C=>6j,?KE2�DE(+73( KE2?-%(+KE,?$',?2d7�6)*�*�$�,?$.Q%6)*�*�$ � � ���H� $1��J�6)DE,<2 -�$'K?$C=�65,<K<2�D<2�K<2@&Q$ ''$C73(

�FO��M"WIP�� M�Y��  S � � �

#�K<6���J�6)738)$>032d&5(+7���7�$'=>657",<(�$CD<DE2�$C*@6
ωz 2π × (8.8 ± 0.2) Hz

#�K<6���J�6)738)$>032d&5(+7���7�$'=>657",<(�K?$C032�$C*�6
ω⊥ 2π × (90 ± 2) Hz

G J�=>65K<(�032�$',<(+=>2 736)*�&5(+73036573D?$',<(
N ' 150000

�H6573D<2-,SR ,?2?-�2�&Q$
n̄ ∼ 1014 cm−3

^R��Oi*<4545� �1� }+> ��(0��7"!_W0,.*-�"*<%D7.��7"!�!5% ND90*I��7F�j7F��Oi*<4545� �'$�%0$ Qy,"9+7"7"$w(+!_2;!)�'90,.*k(+!
#<�1,.��7'7"*-,"!56<6I��6-!�$�%0*
*���*�7"7"9&��7"*
(+9&,.�1%�7.*_N�9&*-�'7"$;45�[@�$1,.$/(+!87"*-�"!C�

�Z$C&52�*�=�6)7�,<6]*�6t*�J37��+A36)858)6 032
(+D<&52�*@*�$',<(+K<6t$CKE=>(C732�&5(��
a

(ho)
⊥ = 1.14µm

B
a(ho)

z = 3.60µm
�
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� J365DE,?( &)(C73D<657",<6 032 'C$'*�J�,?$CK<6 DE6 *�$p$.-�-3KE(+D<DE2�=>$C8)2@(+736 DE6)=�2�&5*�$CDED<2�&)$XJ�,?2@*�2@8)8Q$I,/$ -%6)K
''$C*@J�,/$CKE6

Tc

7365*�*�$ � � �65 � g&)(+KEK<65,E,/$���4�2dA�$�2@7��Z$',E,?2 �

kBTc

h̄
= 0.94(ω2

⊥ ωz)
1/3 N1/3 ' 9.1 KHz � ω⊥ > ωz

6 �"J32@73032%*�$:$.-�-3KE(+D<DE2�=>$C8)2@(+736tD<65=>2@&)*�$'D<D<2@&Q$  '+65K<2 ��&Q$',?$�����*<'C$'*�(+KE6 0365*�*�$g,<6)= - 65K?$',<J3K?$
&5K<2@,<2�&)$1&)(+KEK<2�D0- (C73036)7�,<6 

Tc ' 100 nK
� � � �.+ �

��$>0�6 ��732@8)2@(+736g032d,?65=1-%6)K<$',?J3K<$�&5K<2-,?2�&)$ 0�$',/$�0�$C*@*�$�� � � 5 � ''$C*@6�7�6)*�*�2@=>2-,?6H,<6)K<=�(�032�7�$�%
=�2�&5(� UD<2�-3J�" 'C$'*�J�,?$CK<6>*�$ Q%(+7�,SR 032 �"J36)D ,/$ $.-�-3KE(+D<DE2�=>$C8)2@(+736>D0'�2�*@J�-�-�$C7�03( 2�7 D<6)KE2�6
*�$u,?65=1-%6)K<$',?J�K?$ &5K<2-,?2�&)$ KE2�D*-%65,E,?(;$C* -3$CK?$C=�65,<K<( -32�&5&)(+*@(

1/N
� LN2 " &/A36 DE2N(C,E,?2�65736 

&/A36b* " 6(A 6j,<,?(;036)*@*�6 032@=>6573D<2@(+732 ��732-,?6 0365*NDE2�DE,<6)=>$ -3K<( 'C(�&)$ J�7 $.Q�Q�$CDED?$C=�6)7�,<( KE6)*�$ %
,<2E'+(n0�6)*�*�$�,<6)= - 65K?$',<J3K?$ &5K<2-,?2�&)$ -3KE(�- (CK<8)2@(+7�$C*@6x$

(1/N)1/3 � � K � �:� 2�&)(C73D<65�+J36)7�8Q$b*�$
,<6)= - 65K?$',<J3K?$�&)K<2-,?2@&Q$g(+D<DE6)K0''$',?$  -32� Q�$'D<D?$:032

Tc
B�= $�032 J�7�$ �"J�$C7�,<2@,SR:2�7�� 65K<2�(CK<6 $C*�*�$

,<2?-32@&Q$>2@73&)65KE,<6)8)8)$ 0�$',?$ 0�$C*@*�6 ��J�,<,<J�$C852�(+732�DE,?$',?2@DE,<2�&/A36:036)*�7�J�=>65K<(n032�$',?(+=�2d,?K<$ 03J36
032 '+65K<D<6�=�2�D<J�K<6F&/A36gD<(C73(>0�6)*�* " (CK<032@736 0365*

5%
�

� 7F" $'*@,?K<$>$D-�-3K<(CD<D<2@= $'8)2�(C736 � (+730�$'=>657",?$C*�6gJ�,<2�*@2�8)8)$',/$12@7 =�(�03(1-%6)D<$C7�,?6:736)*@*�$1,?K<$',<,?$ %
852�(+736 -3K<65&)6)0�6)7�,?6  �"J365*�*�$�032 �+$CDN� (+K ,?6)=�6)7�,<6 032�*@J32@,<( � � � M �j� �t,?2@*�2�858Q$C7�03(x*@6 �"J�$C7�,?2-,SR
2@7b,?$.Q%6)*�*�$ � � ��DE2d(C,<,<2�65736 �ZD ,?2�=>$1&)(C73D<65K0''$',?2 ''$ � �

n̄a3
s ∼ 2 × 10−5 � 1

6 �"J32�7�032d*7" $.-�-3KE(+D<DE2�=>$C8)2@(+736 032d��$CD]032@*�J32-,?( �$C7�&/AF" 65D<D<$ *�$CKE��$C=�6)7�,?6 '+6)KE2 ��&)$',/$��
Pt6)D ,/$�2�7���7�6�03$�0�2�D<&5J�,?65K<6g*7" $.-�-�K<(+DED<2�=>$C852�(+736H032F/]A3(+=>$CDJ%�#�6)KE=>2 � � � � N � �

N as

a
(arm)
⊥

>
N as

a
(arm)
z

' 240 � 1

61��J�2�73032�$C73&/A�6 �"J36)D ,/$ $.- -3K<(+DED<2@= $C852�(+7�6 -�J�" &)(C73D<2@036)K<$CK<DE2 'C6)K<2 ��&Q$I,/$ 7�6)�+*@2�65D*-%6)KE2 %
=�6)7�,?2�(C�+�+65,E,?(n032#�"J365DE,<( *�$ 'C(+K<(�� � 2@=1-%(+KE,?$C7�,?61DE(C,<,<(+*�2@736Q$'K<61&/A36�DE6�* " $D-�-3K<(CD<D<2@= $�%
852�(+736H032F/]A3(+=>$CDJ%�#�6)KE=>2;-3J�" -%6)K<0�6)K<6F0�2 ''$C*�2@032@,�R�B ��J�6)DE,<(�$C&)&)$C036FD<(C*�( 2�7 -�K<(+DED<2�=�2@,�R
032
r = R

03( 'C6F2�*%�+K?$C0�2�6)7�,<6H032 036)73DE2@,�R  = $'D<D<2@=>( �Z6H2�7n$.- -3K<(+DED<2@= $C852�(+7�6 032�/t#p$C0 %
032@K<2-,<,?J�K?$:0�2�D<&5(+7�,?2@7�J�( �j�#/�J�,<,?$ '�2�$�B�&5(+7bJ373( D&'�2@*�J�- - (12@7nD<65K<2�6HK<2�D0- 6j,<,<(�$C* -�$'K?$C=�65,<K<(



� � S�T ^�%Y�R�M�Y�O5T��"P�%Y�M R�P���%O)M����FPZY�O�� M�P Y

-32@&)&)(C*�(
aho/R

03$',?( 0�$'*�*�$ � � � � + �jB�DE2F-3J�" 0�2�=�(+DE,<K?$CKE6 � � K � &/A�6F*�$x032@D<&5(+7�,?2�7"J32-,SR '�2@6)736
=�6)032�$',/$xDEJ J�7�$ 032�D ,/$C738)$�-�$CK<2 $ &)2�KE&Q$12@*

10%
0365*dK?$C�+�C2�(1032 /t# K<$C032�$C*�6 6F032d&)2@K<&Q$12@*

3%
032 �"J36)*@*�( $'D<D<2�$C*�6�6x&/A�61*�$ -3K<2@= $�&)(+KEK<6)852�(+7�61$C*�- (',?6)7�8)2�$'*�6�&/A32�=�2�&5(3B
6x032�&)(+73DE6(%

�+J365738Q$:$C*�*�$F036)73DE2@,�R:032<-32@&)&)(�B�&/A36# J�7�$:0365*�*@6 �"J�$'7",<2@,�R�=�2�DEJ3K?$',<6tD*-%6)K<2@=>657�,/$C*@=>657",<6
�Z&j� K)� �?��� � � K �kB g2�7�� 65K<2�(CK<6F$C*@*�(

0.5%
�



� ��� � � ���
� �

� � � � ��� ����� � � � ��� �

�#" $C8)2@(+736 032�J37p&Q$'=1-%( 6)*@65,E,?K<2@&)( 0�2NK?$'032�$C852�(+7�6 73(+7pKE2�DE(+7�$C7�,?6 D<JpJ37p&)$C=1-�2�(+736>032
$',<(+=�2U� KE6)030�2�032E- 6573036>0�$C*��+K?$C0�2�6)7�,<6>032�2�7�,<6)73DE2@,SRu032U,/$C*@6>K<$C032�$'8)2�(C736�6 0�$C*@*�(uDE,?$',?(
2@7",<6)KE73( 6 0�2 =>(',?(p0365�+*�2H$',?(+=�2 � /�$'*�6 2@7",<6)K<$C8)2@(+736 ��� �������I���IBt2@7 '�2@KE, � 0365*�*�$ D<J�$
2@7",<6)73DE2@,�R 6 0365*HK<2@03(C,E,?( KE2�DE&Q$C*@0�$C=�6)7�,?( &/A36 2�7�03J3&)6  *�( DE,?KEJ3=�6)7�,?(X� (+7�0�$C=�6)7�,/$C*@6
-%6)Kb*�$p=>$C732E- (+*�$C8)2@(+736u73(+7{032�DED<2E-�$',?2 ''$X036)�+*@2F$',<(+=>2 � K<6)0�032F6)0{2�7 -�$CK ,?2@&)(+*�$CK<6 0�6)*
&5(+73036573D?$',<( 032HG�(+D<6I%J@�2�73D ,?652�7 � �.K � �

�d(pD<&/A365= $ 032 �"J365DE,?( &)$.-32@,<(+*�(� 2�*HDE6)�+J�6)7�,?6 � 7�6)* -3KE2�=�( -�$CK<$C�+K<$'� ( '+6573�+(+73(
-3KE6)DE6)7�,/$',<6 *@6n$.-�-�K<(+DED<2�=>$C852�(+732U2@7p&)J32�DE2]036 �3732�DE&)6n2�* - (',?6)7�8)2�$'*�6 0�2?-%(+*�$CKE6 6n*�$;D<J�$
� (+KE= $ 65D*-3*@2�&52@,/$ 2�7X� J373852�(+7�6 036)2 -3$CK?$C=�65,<K<2�D*-%6)K<2@=>657�,/$C*@2 � G 65*�D<65&)(+730�( -�$'K?$C�+K<$'� (
'�2�65736�036 �3732@,<(u2@*�KE65,?2@&)(+*@( (C,E,?2�&5(�� DE2�=>(CDE,?K<$ &)(+=�6 03J36�*�$CD<65KF&)(+7�,?KE(�-3KE(�-�$C��$'7",<2 B ,<K?$
&5J3236)DE2�D ,/$FJ37�$ Q%6)7�036 �3732@,?$ K<6)*�$C8)2@(+736�032��Z$CDE6CB�&)(CDE,?2-,?J32@D<&5(+73(FJ37 -%(C,?65738)2�$C*�6 - 65K<2�(�032@&)(
7365*
&)J32
D<2@DE,<6)=>$g0�2�K<2@� 65K<2@=>657",<(F�+*�23$',?(+=�2�-%(+D<DE(+73(:6)D<DE6)KE6H=�6)D<DE2�2�7�=>(',?(F&)(C71'+65*�(�&)2-,SR
&5(+7�,?K<(C*�*�$I,/$ � '+6)0�K<6)=�( $C* -�$CK<$C�+K<$'� (p��� �X&)(+=�6 �"J36)D ,?( - (+DED?$p6)DED<65K<6 -3K?$',<2�&)$C=>657�,?6
KE6Q$C*@2�8)8)$',?( �j�gG 65*B-�$CK<$C�+K<$'� ( DEJ3&)&56)D<DE2E'C( '+6573�+(+7�(u0�2�D<&5J3D<DE2��+*@2�6(A 6j,<,?2�03( '�J�,?2�$C*�=>(',?(
0365�+*�2 $',<(+=>2t&/A36;&)(+= -3*�2@&Q$C7�( 2@* �"J�$C0�K<(X0365*�2@736Q$',<( 2@7 -3K<65&)65036)738)$�� G 65* -�$'K?$C�+K<$'� (
���65�D<2H-3K<65D<657",?$C73(1- 65K DE(+=�=>2|&)$.-32d�+*@2|6�A 65,E,?2�0365*�KE65,<2�&)(C*�( (C,E,?2�&5(�D<J3*@*�$1032@7�$C=�2�&Q$10�6)*
&5(+73036573D?$',<( 032HG�(+D<6I%J@�2�73D ,?652�7|����7 -�$CK ,?2�&5(+*�$'K<6 DE2�-3K<65D<6)7�,?$>*7" $.-�-�K<(�&)&)2@( 036)*@*�6 (C73036g032
GN*@(�&/Ab*@2�736)$CK<2 6FD<2d=�(+DE,<K?$1&)(C=>6FDE2�$�-%(+D<DE2?Q32@*�6 -3KE6=-�$'K?$CKE6�2@* &5(+73036573D?$',<(>2@7nJ373(�DE,?$',?(
032dDE2�73�C(+*�$1(+7�0�$ 032HGN*�(�&/A|�

�3>



8 ! 
 WM9�P ^�;:ZP#<�=�P ^�P

��*d&Q$D-32@,<(+*�( DE2�&5(+73&5*�J3036g&5(+7;J37�(>D ,?J3032@(>0�6)*�*�$1DE,?$.Q32�*@2@,�R1036)*dDE2�DE,<6)=>$	�#'�2�6)7�6:=�6)DED<(�2�7
K<2@*�2@6�'+(b&5(+=>6�65D<2�D ,/$C7�( 03J�6>KE6)�+2@=>2�0�2E'+65K<DE2�0�2�2@73DE,?$.Q32@*�2@,�R�� � 2@6)736 �"J32@73032,-3K<65D<657",?$',?(
J37 =�(�0�6)*�*@( J37�2�032@=>6573D<2@(+7�$C*@6�2@7 &)J�2�&Q$C*@&)(+*�$CK<6�*�$>D<(+�+*@2�$ - 65K *7" 2�73D ,/$CJ�K?$CKED<2�032 �"J365DE,?6
2�7�DE,/$DQ32�*@2@,SR12@7 032E- 6573036)7�8Q$ 0�$'*�*�$�036573D<2-,SR 0365*�&)$C= -32�(+7�6:6:0�$C*�* " 657�,?2@,�R�0�6)*�- (C,<6)73852�$C*@6
-%6)K<2@(�0�2�&)(��

� ��� _
i � rgc�st` ��h)egijs mbh � r�i)eF}�s

LN(+73DE2�0365K<2�$C=>( J37�$',?(+=�( 736)*@*�( DE,/$I,?( � (C730�$C=�6)7�,/$'*�6b&/A36 DE2 =1J�(�''$ *�6)7�,?$C=>657�,?6u2�7
J37�$>8)(+7�$>036)*@*�(�D*-�$C852�(>2�7;&5J32�DE2�$ -3K<65D<6)7�,<6 036)*@*�$�*�J3&56x*�$'D<6)K *�$�&)J32�� K<6��"J36)738)$

ωL
DE2�$

'�2�&52�7�$>$ ��J�6)*�*�$>032�J37�$ ,<K?$C73DE2�852�(+736:$',<(+=>2@&Q$
ω0

B =>$ *�(+7�,?$C7�$>03$C*�*@6x$C*-,?KE6�� $D-�-3K<(CD<D<2 %
=>$C8)2@(+736t032 $',?(+=�(:$x03J36 *�2E'C6)*@*�2 �k� LN(+73D<2@036)KE2�$C=�(�2�*�&Q$'D<(12@7 &)J�2 * " 2@7",<6)73DE2@,�R�=�6)032�$:0365*
&Q$'=1-%(�*�$CDE6)K�''$CK<2 &)(+7u*�$�-%(+D<2@8)2�(C736�� $'0 65D<6)= -32@( -%6)KE&/A���2�*|=�(�0�( 036)*d&)$C=1-%(�6)*@65,<,<K<2 %
&)(� �+$CJ3D<DE2�$C7�( � 61DEJ�-�-%(+732�$C=>( 032 -%(C,?65K &)(C73D<2@036)K<$CK<6 2@* -�$'&)&/A36j,<,?(b0F" (+7303$n$',?(+=�2�&5(
*�(�&Q$'*�2�858Q$',<( K<2@D*-%65,E,?(u$C*�*�$ K?$C0�2�$C852�(+736xD<2�$n2@7 ,<6)K<=�2�7�2�032#-%(+D<2@8)2@(+736CB�DE2�$n2�7 ,?65K<=�2�732�032
'+65*�(�&)2-,SR�� � J36)D ,?( 6=�"J32 ''$C*�6n$ KE2�&/A32@6)0365K<6n&/A36n*@6 032@=>6573D<2@(+732�$',?(+=�2�&/A�6 D<2�$C73( =�(+*@,<(
=�2�73(+KE2�0365*�*�$ *�J373�CA36)858Q$F0F" (+730�$ �

∆r � λL

��6t&/A36t*�(gD*-%(+DE,?$C=�6)7�,?(g03( '�J�,?(:$C*@*7" 6�A 65,<,<(
�H(�- -3*�65KFD<2�$ -32@&)&5(+*�(n2@7 &)(+7�� KE(+7�,?(u$C*@*�$ *�$CK<�+A�6)8)8)$n7�$',?J�K?$C*@61036)*@*�$ ,<K?$C73DE2�852�(+736x&/A36>DE2
DE,?$�&5(+73DE2�0365K?$C730�(3B

Γ
� �.M � �

k · v � Γ
� ��� � �

��* -3KE2�73&52?-32@( 032]2�7�0365,<6)K<=�2�73$C8)2@(+736 2@=1-%(+736 &/A�6
∆r × ∆v > h/m

6 �"J32�7�032]*�6n03J�6
&)(C73032�852�(+7�2 -�K<6)&56)03657�,?2�-%(+D<DE(+73(\65D<D<65K<6pDE(�030�2�DE�Z$I,<,?6 &)(+7�,<6)= - (+K<$C736)$C=>657�,?6 DE(+*�( D<6
� �.M � �

Erec =
h̄2k2

L

2m
� h̄Γ

� ��� � �

&)2@(� D<6F*�$ ''$CK<2�$C8)2@(+736 032 65736)KE�+2�$x&52�736j,?2@&Q$1$CDED<(�&)2�$',/$1$'*�*7" 6)=�2�DED<2@(+736��Z( $'*�*7" $CDED<(+K0Q32�=�6)7 %
,?( �U032
J37>� (C,?(+7�6 0365*�*�$gK<$C032�$C8)2@(+736��Z65736)KE�+2�$�032
K<2�7�&)J3*@( �� =�(+*@,<( -32�&5&)(+*�$�KE2�D*-%65,E,?(x$C*�*�$
*�$'K<�+A3658)8)$�2@7�,?K<2@73D<65&Q$ 2�7n65736)KE�+2�$ 0365*�*�$x,?K?$'73D<2@8)2�(C736 &/A36�D<2dD ,/$�-3K<657303657303( 2@7n&)(+7�D<2�0�6(%
K?$'8)2�(C736C�
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� �"J36)D ,?6>&)(+730�2�8)2@(+732�032E'�2�65736 - (CD<D<2EQ32�*@61036 ��732�KE6�*�$ � K<6��"J36)738)$ 032,P $.Q32�0�6)*�*�$ ,?K<$C73D<2 %
852�(+736 �

h̄Ω0 = −dfe ·E0 > 0
� ��� � �

03( 'C6
dfe

2@73032@&Q$F*7" 6)*@6)=�6)7�,?(g032�=>$',?KE2�&56]036)*@*7" (�- 65K?$',<(+K<6]0�2�032?-%(+*�(F65*�6j,<,?KE2�&5(�6
E0

*7" $C=�%
-32@6)858Q$ 036)* &Q$C= - (x6)*�6j,<,<K<2�&5(3�U4�6H2�73032@&/A32�$'=>(:&)(+7

δL = ωL − ω0

2�*����j�Z��� � ���>036)* *�$CDE6)K
0�$'*�*�$g� K<6���J�6)738)$�0�2|K<2@D<(+7�$'738Q$x6HD<J�-�-%(+732�$C=�(1032 65D<DE6)K<6g7365*�* " $.- -3K<(+DED<2@= $C852�(+7�6 0�2 K<2@��$
Q%6)7uK<2@D<(+*-,/$	�

Ω =
√

Ω2
0 + δ2

L � Γ
� ���65 �

* " 6(A 6j,<,?( 0�6)*�*�$ K<$C032�$'8)2�(C736 DEJ3�+*@21$',<(+=>2  �"J365*�*@(\032x2@7�,?K<(�03J3KEK<6XJ�73(\D*-%(+D ,/$C=�6)7�,?(
03652 *�2 '+6)*@*�2g032165736)KE�+2�$ �?��� �j� ��� �
� �C���{��� �%�������/� �b&/A36 $C�+2�DE&)6X&5(+=�6pJ37 - (C,<6)73852�$C*@6
&5(+73D<65K0''$',<2E'+( � ���I���j��	 �Z�C���:�������I�-�C�?���j����7�,?KE(�03(',<,?(�2@* -�$CK<$C=�65,?KE(�032dD?$',<J3K?$'8)2�(C736 �

Ωs(r) =
Ω2

0(r)

2δ2
L

� ���ON �
DE6 ''$C*@6F$C73&/A36�*7" $.-�-�K<(+DED<2�=>$C852�(+736 032dD?$I,?J3K<$C8)2@(+736 ,?K<$CD<&5J3K?$DQ32�*@6
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h̄2k2
L

D<2FA�$
2@=>=�6)032�$',/$'=>657",<6H&/A36 �

Γsc =
2Dp

h̄2k2
L

=
Γ

2
Ωs =

1

h̄

Γ

∆
VDIP =

3πc2

2h̄ω3
0

(
Γ

∆

)2

I
� ��� �C� �

03( 'C6 736)*@*7" J3*@,<2�=�( -�$CDED?$C�+�C2�(�D<2 HJ3D<$',/$x*�$g� (CK<=>$�0365*�-%(C,<6)73852�$C*@6 0�2?-%(+*�$CKE6t2�7 &5J32%&)(+=�%
-�$'K<6g6)D0-3*�2@&)2@,?$C=�6)7�,?6 * " 2@7�,?6)7�D<2@,�R � ��� + �k�
��* D<65&)(+730�(X,?6)KE=>2@736u036)*@*7" 6=�"J�$C852�(+736�� ��� � + � &5(+7�,?2@6)736 2@79'+6)&56 *7" 2�7�� (+K<=>$C8)2@(+736 DEJ3*�* " 6j� %
� 6j,<,?(n0�6)*�* " $'D<D<(CK*Q32@=>657",<( 6 0365*�*7" 6)=�2�DED<2@(+736�DE,?2@=>(C*�$',?$�( ' '+65K<(u036)*@*�6 �3J�,<,<J�$C8)2@(+732�036)*@*�$
-3KE6)DED<2�(C736x032�K<$C032�$'8)2�(C736F6:0�6)*�*�$1� (+K<8)$>032�032E- (+*@( � �]��65K J�7F" (C730�$ D ,/$C852�(+7�$'K<2�$��"J365DE,<(
DE6)&)(C7303(>,<6)KE=>2@736F$CDED<J3=�6g*�$1� (+K<=>$ � �+� � �

∣∣∣∣∣∣
∇r Ω

(LAT )
0

Ω
(LAT )
0

∣∣∣∣∣∣

2

= k2
L tan2(kLz)

� ��� � � �

� � %;,"*I��4�7.oH%0*<4&%0$��'7",.$HQy$1,.2;�14�!)�"2=$_#FT0*`T&��*-4�!52;!�%X��7"$_4)�HQS�1�"*�(+*<454)�HQy,"*IN�9&*<%06I�H(0!��q�1O0!0E145!+*���*�7"7"!i(+!
W0,.*-�.�'!5$1%0*`(+!:,F�1(+!)��6-!�$�%0*r%0$�%=#<$12;W&�1!�$�%0$&U[23�m*I�"�"!+�'$�%0$A7",F�1�.#�90,F��O0!545!D�"* 45$�G 45$��'Wi$��'7.�12=*-%D7"$��m$�W0W045*<,
�?}0���[�
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� = Q 6503J36F2|&5(+7�,?K<2EQ3J�,<2d$C*|&5(�6	
>&56)7�,?6�032|0�2EA J3D<2@(+736 DE(+73(�032?-%6)7�036)7�,?2d03$C*�*�$ -%(+D<2@8)2�(C736
0365*�*7" $',<(+=>(x736)*@*7" (+730�$1D ,/$C852�(+7�$'K<2�$�B�=>$1*�$ *�(+KE( D<(+=�=>$173(+7b*�(� � �C� � �

2Dp =
h̄2k2

L

2
Γ Ω(MAX)

s cos2(kLz)(1 + tan2(kLz)) =
h̄2k2

L

2
Γ Ω(MAX)

s

� ��� �C� �

LN(+=�6 D<2 6�'�2�7�&)6 0�$'*�*�$ � ��� �+� �kB�KE2�&5(+K<0�$'7303(1*�$x036 �3732�852�(+736 032
Ωs

B�2@*%,?$CD<DE( 032 032 A J�D<2�(C736
032�� (C,?(+7�2 12@7 'C6)KED?$C=�6)7�,?6�-�K<(�-%(+K<852�(+73$C*�6:$C* �"J�$'03K?$',<(n036)*����j� ��� � ��� 6 032@K<6j,<,/$'=>657",<6
-3KE(�- (CK<8)2@(+7�$C*@6H$'*�*7" 2�7�,<6)73DE2@,SR�� � J36)D ,?(1��R1D���&/A36�$�-�$CKE2@,SR:032|$C*-,?658)8Q$10�6)*|KE65,?2@&)(+*@(��

I/∆
��DED?$',<( ��$'J3=>657�,/$CKE6�2@*t���j�Z��� � ��� K<2@03J3&Q$b2�*�K<2�DE&Q$C*@0�$C=�6)7�,?(b6 �"J32�7�032�$CJ3=�6)7�,?2�*�$ '�2-,/$
=�6)032�$1036)*d&5(+73036573D?$',<(3�

� ��� ��� � 	 � �8� ����� ���������

��$ &)(+= - (C736)7�,?6 '�2�DE&)(+D<$�B3&52�( F032?-%6)730�6)7�,?6g0�$C*@*�$ 'C6)*@(�&52@,SR�B�0365*�*�$x� (CK<8Q$ 65D<6)KE&)2-,/$',?$�03$C*
*�$'D<6)K]DEJ3�+*@2d$',?(C=>2F-�J�"�6)D<DE6)KE6x&Q$'*�&)(C*�$',?$1$�-�$CKE,<2�KE6F0�$ � �.M � �

F =
dp

dt
=
i

h̄
[H, p̂ ] = −∇rH = −∇rHINT

� ��� �'� �

4�6n*�$ '+6)*@(�&52@,�R $',?(+=�2�&)$�B�&5(+=>6 $.Q�Q32�$C=>( - (+D ,?J3*�$',?(�B�D<(�03032�D �Z$ $C*NKE6=�"J32�DE2@,<( � ��� � �jBU2@*
''$C*�(CK:=�6)032@(;032�,/$C*@6�� (CK<8Q$ D<2NDE&)(+= -%(+736 2@7X03J36 -�$CKE,<2�0�2N&)J�2NJ37�$ &5(+73DE6)K0''$',<2E''$;�+2?R
,?K<$',<,?$',/$�2�7 -3K<65&)65036)738)$n6)0 J373$>K<2@�+(+KE(+D?$C=�6)7�,<6 '�2�DE&)(+D<$�B%&)2�( �*�2�7�6Q$CKE6�7�6)*�*�$ 'C6)*@(�&52@,SR��
�#" 65D*-3KE6)DED<2�(C736]K<2@D<J3*-,/$C7�,?6 - 65K�*�$ &)(+= - (C736)7�,?6 '�2@D<&5(+D?$�'B�$C* -�K<2�=�(H(CK<032@736NDE2��+732 ��&Q$I,?2E'C(
2�7

Ωs
� �.M�B
�C� � �

f̄v = h̄k2 δ

Γ
(Ωs/2)3 v

� ��� � 5 �
/�K?$CDE&)J3K<$CK<6F,/$'*�6F&)(C=1-%(+73657",<6 '�2@D<&5(+D?$�g*�6)&52@,<( D<6 �

f̄v

fl
=

f̄v

∇rVLAT
� 1

&)2@(�uD<6 *�$ � (+K<8)$ 6)DE6)KE&)2@,?$',/$ 0�$C* K<6j,?2�&5(+*�( �
fl

�  =>(+*-,?( D<J - 65K<2�(CK<6 $'*�*�$ &5(+=1-%(+73657�,?6
'�2�DE&)(+D<$��
4�(+D ,?2-,?J3657303(�*7" 6)D*-�K<6)DED<2@(+736 � ��� �D5 ��-%6)Kt*�$ &)(C=1-%(+73657",<6 '�2@D<&)(CD?$�6:* " 65D*-3KE6)D<DE2�(+7�6 � ��� � N �
-%6)Kt2�*�- (C,<6)73852�$C*@6F032|KE65,?2@&)(+*@( D<2d(C,E,?2@6)736'B3K<2@&)(+KE0�$C7303(�* " $.- -3K<(+DED<2@= $C852�(+7�6 � ��� � � �

f̄v

fc
� Ω3

s

� ��� �.N �
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�H2�&)(+7�D<6)�CJ36)738)$n736)*@*7" $.-�-3KE(+D<DE2�=>$C8)2@(+736F032�D?$',<J3K?$C852�(+7�6�,<K?$CDE&)J3K<$.Q32�*@6�x*�6)&52@,<(�,<K?$CDE&)J %
K<$CK<6�$C73&/A�6��C*�2|6(A 6j,<,?2F'�2@D<&)(CD<2d0365*�*�$x� (CK<8Q$ 032d0�2?-%(+*�(3�

� ��� _%ipq�rx`bmnst`ba�eFc�r mnh vwrxadsNy3z{h5`ba|c�s]h)` `ns]iX}�s�c�h)q�r:ijr

LN(+=�6t6)=�6)KE�+6t0�$C*�* " $'7�$C*�2@D<2"D0'C(+*@,?$F736)*<-3KE2�=�(F&Q$.-32-,?(+*@(3BC*�$F&Q$CK<$',<,<6)K<2@DE,<2�&Q$ -%6)&5J3*�2�$CK<6]0�6)*
&5(+73036573D?$',<(>0�2�GN(+DE6(%J@�2@73DE,<6)2�7� �"J365*�*�$1032|&)(CDE,?2-,?J32@K<6 J37bD<2�D ,?65= $1=>$C&)KE(+D<&5(�-32@&)(3B�&)2�( 
&5(+DE,<2@,?J�2@,?(b0�$b=�(+*@,<6�-�$CKE,<2�&56)*�*@6CB|0�2�&5J32UD<2#-3J�";036 ��732�KE6�J37�$n� J3738)2@(+736�0F" (+730�$u&/A36�D<2
65DE,?6573036uD<J3*@*�$ DE&Q$C*�$ 0�6)*�*@6 0365&)2�7�6u0�2]=>2@&)K<(C=>6j,?K<2 � � J�6)DE,<( &5(+= - (+K ,/$ &/A36'BNKE2�D*-%65,E,?(
$C0pJ�7pK<65,<2�&5(+*�( (C,<,<2�&)(;$C*�* " 65DE,<K<6)=�(;KE(+D<DE( 036)*@*�( D*-%65,<,<K<( '�2�DE2?Q32@*�6 �

λ/2 ∼ 400nm
�kB�2�*

&5(+73036573D?$',<(�D<2 65DE,<6)73036gDEJb$C*�&5J3736H&56)7�,?2@7�$C2�$x032 DE2@,<2 KE65,?2@&)(+*�$CK<2 � � ��J�6)DE,<(�&)(+KEK<2�D0- (C73036
J373$:*�$'K<�+A3658)8)$:7365*�*�(gD0-�$C8)2@(x0365�+*�2�2@=1-�J3*�DE2�=>(+*-,?( -32@&)&)(C*�$F6 ,<K?$CDE&)J3K<$.Q32@*�6t2�7>&)(+7�� KE(+7�,?(
$C*@*7" 2�= -3J3*@D<( 032�KE2�73&5J3*�(�� � D?$C7�03(;*�$ � � � �C� � 6 -3K<6573036)7�03( &)(C=>6�''$C*�(CK<2�,<2?-32@&)2

RTF '
50µm

6
λ ' 800nm

D<2dA�$�2�7��Z$',<,<2 �

∆p

h̄k
=

√
21

8

h̄ λ

hRTF
' 0.3

λ

RTF
' 4 × 10−3 � ��� �.! �

� J365DE,?2�03J361�Z$',E,?2�&5(+73DE6)7�,?(+7�(u0�2�,?K<$',<,?$CK<6x2�7 -3KE2�=>$ $.-�-�K<(+DED<2�=>$C852�(+736�2�*�&)(+7�036)73D<$',?(
7365*UK<65,<2�&5(+*�(n&5(+=>6 J�7F" (C730�$ -32�$C73$b2@=>=�6)KED?$ 2@7 J37 -%(C,<6)73852�$C*@6�- 65K<2�(�032@&)(3� � J365DE,<(�
,?$C7�,?( -32�� '+65K<(�D<6 *�$F032�KE6)852�(+736]2@7�&)J32  -3K<65D<657",<6H2@*3K<6j,?2�&5(+*�(  �"J36)*@*�$F=�6)73(g&)(C7���7�$',?$	�
2@7��"J36)D ,/$ 032@K<6)852�(+7�6�2@7��Z$',<,<2"*7" 6)DE,<6)73DE2�(+7�6�D*-�$'8)2�$'*�6�036)*�&)(+7�036)73D<$',?( N= $CDED<2@= $t6 �"J32@73032
=�2�73(CK<6 *�$�*�$CK<�CA36)858Q$ 736)*@*�( D0-�$C8)2@(�036)�+*@2|2�= -3J3*@D<2 �

� ������ ��	 � ������ ����
�� � � ����� �����
������ 	 � �(!

4�65�+J3657303( *7" $.-�-3KE(�&5&)2@( 0365*�2�7�6Q$',<( 7365*�*7" 2�7�,<K<(�03J38)2@(+736b2�* D<2@DE,<6)=>$ &)(+D ,?2-,?J32-,?( 03$C*H&5(+7 %
036573D?$I,?(p032 GN(+DE6(%J@�2@73DE,<6)2�7�736)*@*�( D ,/$',<( � (+7303$C=>657�,/$C*@6 0365* -%(C,?65738)2�$C*�6 $CKE=>(+7�2�&)(i�>6
2@=>=�6)KED<( 7365*dK<65,<2�&5(+*�( (C,E,?2@&)(3B�K<2�657�,?K?$ 7365*�*@6F2?-%(C,?65D<2|0365*|,?65(+K<65= $ 032HGN*@(�&/A � �.5 � �
4�2<-%(+D<DE(+73( - 65KE,?$C7�,?(�036 ��7�2�K<6 J37�2�730�2�&)6]0�2;Q3$C730�$g032�DE&)KE65,?(

n
6)0�J37 2@=1-3J�*�D<(FKE6)*�$',?2 '+(

L � %�W&,.��7"!)#<�;�'!8#<$1%&�"!)(+*<,F��45$K�'7.��7.$=Qy$1%&(0�12;*<%D7.�14�*H!�%]�1W0W0,.$��.�'!523��6<!5$1%&*A(+!�^`T&$123�1�'acb&*<,.2;!?�
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$C* K<65,<2�&5(+*�(3B"036j,<,<(���J3$CD<2 %�2�= -3J3*@D<(3B
h̄q

&)(C7",<2�7"J3( 6 -%6)KE2�(�032�&5(x032�- 65K<2@(�03(
2πh̄/(λ/2) =

2h̄k
� ��65K>=�6)858)( 032 �"J36)D ,?6 �"J�$C7�,?2-,SR *�6b$CJ�,?(C� J37�8)2�(C732�0365*]D<2�D ,?65= $�BU036j,<,<6p�I�%���u���

�t��� ����B3DE2�- (CD<D<(C73(�D<&)KE2E'C6)K<6�7365*�*�( D0-�$C852�(�K<6)$C*�6F&5(+=>6 �

〈z |n, q〉 = eiqz un,q(z)
� ��� ��K �

03( '+6
u
�J37�$�� J�738)2@(+736 - 65K<2�(�032@&Q$ 032H- 65K<2@(�03(

d = λ/2
6:DE(+*�J�8)2�(C736g036)*�-3K<(.Q3*�65= $ 032

4�&/A3K02�0�2�73�+65K��

(
h̄2

2m
(−i∇z + q)2 + VLAT (z)

)
un,q(z) = En,q un,q(z)

� ��� �.+ �

G 65*�DE6)�+J�2@,?(>2�730�2�&/A365K<6)=�( &5(+7
h̄qB = h̄k

2@*��"J�$'D<2 % 2�= -3J3*@D<(�&)(+KEK<2@D*-%(+7303657",<61$C*�Q%(+K<03(
0365*�*�$�8)(+73$ 032BG�K<2�*@*�(+J�2�7|� LN(+=�6xDE6)�+J�6 0�$C*�*�$ � ��� ��K �jB%*�(>D*-%65,E,?K<(n0�6)*�*@6:(C730361032 GN*�(�&/A
7365*�*�( D0-�$C852�(�036)�C*�2|2@=1-3J�*�D<2 g032�DE&)K<6j,?(�6gD<2�-%(C,?K*R D<&)KE2E'C6)K<6 � N � �

|n, q〉 =
∞∑

j=−∞

an,q | q + 2jk〉 � ��� �.M �

03( '+6 | q + 2jk〉 2@73032�&)$n*7" (+730�$ -32�$'7�$
exp(−i(q + 2jk)z)

� � J�6)DE,?$ -%6)KE2�(�032�&52@,SR 7�6)* %
*�(�D0-�$C8)2@(>0�6)�+*@2|2�= -3J3*@D<2F-3J�" $C7�&/A36:65D<DE6)K<6 '�2�DE,?$�&5(+=�6F&)(+73DE6)�+J�6)738)$ 036)*@*7" 2�7�,?65K?$C852�(+7�6
&)(�6)KE6)7�,?6n,<K?$ �+*�2N$',?(C=>2�6)0 2]03J36 �Z$CDE&)2]*�$CD<65K�� *@( DE,/$I,?( 036)�C*�2�$I,?(+=�2 bJ37�$ DE(�'�K<$.- %
-%(+D<2@8)2�(C736 &)(�6)KE6)7�,?6�032�032 '+6)KED<2UDE,?$',?2U032�2@=1-�J3*�DE(n0365,<6)K<=�2�73$',?2�03$C*��Z$',<,<(b&/A36 * " $',<(+=�(
-3J�":&)(+7�,<2�7"J�$C=�6)7�,?6 D<J Q32�KE6 J371-3K<(�&)65D<DE(1$C*
D<65&)(+7�03(1(+KE032�736t2@7>&5J32%$CD<DE(+K*Q%6 J�7>� (C,<(+736
0�$ J37�( 036)2�0�J36 �Z$CD<&52N&5(+DE,<2@,?J�6)7�,?2�2@*�KE65,<2�&)(C*�(;6n*@( K<2@6)=�65,E,?6 7�6)*�* " $'*@,?KE(3� ��6)K ,/$C7�,?( 2@*
D<2@DE,<6)=>$�$I,?(+=�2�&5( D<23,<K<( ''$�2@7�J�7�$FD<( '�K?$.-�-%(+DE2�8)2@(+736t&)(�6)KE6)7�,?6t032�D ,/$',<2�032�=�(+=>657�,?(F&/A36
032 A 65K<2�DE&)(+7�(�0�2�J37�$ ��J3$C7�,?2@,�RF032�=>(',?( -�$CKE2�$

2h̄k
�B/�(+KE736)KE6)=�(�DEJ �"J365DE,/$�$C7�$'*�(+�+2�$ $C*

-�$CK<$C�+K<$'� ( 53� � �"J�$C7�03( 036)DE&)KE2E'+65K<65=>( 2@*%=�65,<(�0�(xJ3D<$',?( D0- 65K<2�=�6)7�,?$C*�=�6)7�,?6 -%6)KN,?$CK?$CKE6
*7" $C*-,?6)858Q$10365*dK<6j,?2�&5(+*�(��

� �+732F-%6)K ,?J3K0Q�$C8)2@(+736F65DE,?65K<7�$�B�2�73&5*�J3DE6 'C$'K<2�$'8)2�(C732 7�6)*�-%(C,?65738)2�$C*�6H$CK<=�(+732@&)(3B�D<J 
�%
&)2@6)7�,?65=>657�,?6�036=Q%(+*�2�0�$n6)D<&5*�J30�6)K<6�,?K<$C73DE2�8)2@(+732�2@7�,?6)K0Q�$C7303$�� -%(+DED<(+73(u6)DED<65K<6>,<K?$',E,/$',<6

� pA9&��45!�7.��7.!�@��12=*-%D7"*;90%k#�,.!n7.*<,.!�$VG3#FT0*;45�V@���,.!5�16<!5$1%0*=!5%e*-%0*<,.E1!)���"904545���.#<�145�V(+*<4Y#<$1%&(0*<%&�.��7.$V�"!5�
W0!)#<#<$14)�/,.!)�'Wi*�7"7"$3��4�ED��W�7",F�/4)�=W0,.!�23�=*_45�;�"*-#<$1%&(0�/O&�1%&(0�0�
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2@7b$.-�-3KE(+D<DE2�=>$C8)2@(+736HDE6)=�2�&5*�$CDED<2�&)$�� �.5 � ����7 �"J365DE,<(�&5(+7�,?65DE,?(�*�$ '+6)*@(�&52@,�Rx036)* &)6)7�,<K<(�032
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&)J�K0'�2 �

R ∼ 2
= �j� � *�*�$;*�J�&)6n0365*]*�$CDE6)K�-3KE2�73&52?-�$'*�6 '�2�65736nD<( '�K?$D-�- (CDE,/$ &)(C=>6n036j,<,<(

�"J36)*@*�$10365*�*�$CDE6)K]032|KE2?-%(+= -�$C�+�+2@(3�
��$ -3KE2�=>$ 9�� / K<$C&)&5(+�+*�2@6g&)2�KE&Q$

1010 $',<(+=>2�$C*@*�$1,?65=1-%6)K<$',?J�K?$>0�2�&52�K<&)$
200µK

&)(C7
J37�$�036573D<2-,SR 036)*@*7" (+K<0�2�736 0�2

109 cm−3 �


 : � WT�O � M�WIP�� M�Y��  � WT :ZM;R�V�M ����L

��*�,<K?$CD � 6)K<2@=>657�,?(n0�$C*@*�$ -�K<2�=>$ $C*@*�$�D<6)&5(+730�$ 9�� /w$ ' '�2�65736�2�7 =�(�03( 2�= -3J3*�D<$',?( &)(+7
J37u&)2@&)*�(x032d&)2@K<&Q$

220
=>D5����$ D<6=�"J365738Q$�032|&52�$CDE&)J37u2�= -3J3*@D<( g*�$1DE6)�+J�6)7�,?6 ��*�$�-3K<2@= $

9�� / '�2�6)7�6 *�$CDE&)2�$I,/$>&)$CK<2@&Q$CKE6 -%6)K &52�KE&Q$
200

=>D5B �"J32@73032�2@*�&)$C= - ( =>$C�+7�65,?2@&)( '�2@6)736
D*-%6)7�,<( 6bD<65�+J36bJ37�$ Q3KE6�'+6b�Z$CDE6u0�2�=>65*�$CDED?$ (C,E,?2�&)$ &/A36bK?$DA K<65030�$ *�$ -3KE2�=>$ 9�� /F�
��*�*�$CDE6)K�032�K<$DA K<6)0�0�$C=�6)7�,?( '�2@6)736>D*-%6)7�,?( 6>D<J3&5&)6)DED<2 'C$'=>657",<6CB�J3D<$C7303( *@61Q%(�Q32@736�032
&)(C=1-%6)73D<$C8)2@(+736'BB'�2@6)736b$'&)&)65D<( J37p&Q$'=1-%( = $'�+7365,<2�&5( 736)*@*�$;0�2�K<658)2@(+736 0�6)*N�Z$CDE&)2@( 032
D*-�2�7�,/$ 6'B DEJ�Q32-,?( 03(.- (3B%2�*d�Z$CDE&)2@( 032�D*-32@7�,/$>D ,?65D<D<(�� � J36)D ,?( A�$>J37�$ -%(C,?65738Q$>032�&52�KE&Q$

4
= 	 B
J37 ���j�Z��� � ���u0�$C*@*�$1,?K<$C73DE2�8)2@(+736 |F = 2〉 → |F ′ = 3〉 &)2�KE&Q$�J3�+J�$C*@6x$ −Γ

650
 -%(+*�$'K<2�858Q$',<(

σ+ 2�7X=�(�03(;0�$ - (+= -�$CKE6>(',<,?2@&Q$C=�6)7�,<6 �+*@2�$I,?(+=�2U736)*@*�(;D ,/$',<( |F =

2, mF = 2〉 � ��* �Z$CDE&)2@(p032HD0-32�7�,/$  $C*�*@2�736)$',?( *�J37��+(X2�* ,?J�Q%(X032H&)(+*@*�6)�+$C=>657�,?( ,<K?$
*�6 0�J36 &)6)*@*�6 &/A36'B -%6)Kn�Z$C&)2@*�2-,/$CKE6;2�* =>(',?( 036)�C*�2 $I,?(+=�2 6)0{6�'�2-,/$CKE6 2�* -32� - (+DED<2EQ32�*@6
*7" $C03DE(+K*Q�2�=�6)7�,?(uD<J3*@*�61-�$CK<6j,?2�036)*U,?J Q (3B  &)2@K<&)(C730�$',<(;0�$;DE6)2�DE,?KE2�DE&)6 KE65,E,/$C73�C(+*�$CKE2U032
=>$',?65K<2�$'*�6x=>$C�+7�65,?2@&)(3� � J36)D ,?6�&)KE6Q$C73(uJ37 &Q$'=1-%(n6)D<$.- (C*�$CKE6 &)(+7 =�2�732@=>( $C*�&)657�,?K<(
0365* ,?J�Q%(�� 2�7 '�2�KE,�� 036)* �Z$',E,?(+KE6 032g��$C730�� -%(+D<2-,?2E'C( �+*�2F$I,?(+=�2 ,<6)7303(C73(�$ D<65�+J32@K<6
,/$'*�6u=>2@732�=�( =>2@�+*�2@(+K?$'7303( &5(+D��g*7" 6�
�&)65738Q$ 032 ,<K?$CD � 6)KE2�=�6)7�,?(3� ��* &)2@&)*@( DE2 &5(+=1-�*�65,?$
&)(C7X*�( D*-%6)�+732@=>657�,?( 0365*��Z$CDE&)2@(;032�D*-32@7�,/$;6 *�$ KE2�$C&5&)6)7�D<2�(C736 03652��Z$'D<&)2�6 0365*N&)$C=1-%(
=>$C�+736j,?2�&5(x0365*�*�$ -3KE2�=>$x9�� /F����$:D<6)&5(+730�$�9�� / '�2�65736 &Q$'K<2�&)$',/$�&)(+7n&52�KE&Q$

300
&52�&5*�2

032dKE2?-%65,?2@8)2@(+736C�
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��$ D<65&)(+7303$>9�� /FB�&)(+=�6F0365,E,?( 7365*�-�$CK<$C�+K?$I� ( ��� � � � B '�2�65736FK<6)$C*�2@8)8Q$I,/$x7365*�* " $C= Q32�657",<6
032UJ3*-,?K<$ $C*-,?( '�J3(C,?( $C*@*�$ -3K<65D<DE2�(+736>032U&)2@K<&Q$

10−12 ,<(+K<K5� @�D<D?$� (C,E,?2@=>2@8)8Q$I,/$ -%6)K�*�$
K<$C&)&5(+*@,?$�0�2�$',?(+=�2F-3KE6)K<$DA KE6)0303$',?2d650;2�* K?$C�+�C2�J373�C2�=�6)7�,?(10�2|,?6)= -%6)K?$I,?J3KE6:$'73&)(+K<$�-32��
Q�$'D<D<6 �#- 65K �"J365DE,?( '+6)7��+(+73(1J�D?$',<2 DE6)2
�Z$CD<&52 &5(+7 J37>032�$C=�65,<K<(�032%&)2�KE&Q$

2
&)= *�6t&5J32�-%(D%

,<6)738)$ 6 -%(+*�$CKE2�858Q$C852�(+736#-%(+DED<(+73(F65D<DE6)K<6N&)(+7�,?KE(+*�*�$',?6�2�7:= $'732�65K?$t2�73032E- 657303657",<6C� � 73&/A36
*�$1�"J�$C*@2@,SR�D*-�$'8)2�$'*�6�036)*�=>(�03(�036)*�*�$CDE6)K '�2@6)7361(',<,?2@=>2@8)8)$',/$�$C&5&)(�-�-�2�$C730�( 2�*d�Z$CDE&)2�(>2�7
J3DE&)2-,/$ 0�$C*�=�(�03J3*�$I,?(+KE6 $C&5J3DE,<(�(',<,?2@&)( � &5� K)� ��� � � � �x$C0 J37�$�� Q3K<$ (C,<,<2�&Q$ � $ 'C6)7�,?6bJ37
�/�I�?� 032

5µm
B�0�(C,/$',?$ 032�&)(C*�*�2@= $I,?(+KE6�6]2@7��CK?$C03(F0�2�&)(+73DE6)K&'C$'K<6t*�$ -%(+*�$'K<2�858Q$C852�(+7�6CBC&/A�6

:DE,/$I,/$>2@73DE,?$C*�*�$',/$ 03J�K?$C7�,?6 �"J36)D ,?(n*�$ 'C(+K<(>032d,?6)DE2 � ��$ -%(C,?65738Q$�2�7;J�D<&)2-,/$�0�$C*�*�$ � Q3K?$
g&)2@K<&)$

80
= 	 &)(+7uJ37�$�6�
�&)2@6)738)$�0�2d&)2�KE&Q$ 2�*

50%
���HJ3K<$C7�,?6�2�* =�(+7�,/$'�+�+2�(�$DQ�Q32�$'=>(

'C6)K<2 ��&Q$I,?( &/A36'BF-%6)KH(',<,?65736)KE61J37F" 6�A 65,E,?2 'C$�&)(+7�D<6)K&''$C8)2@(+73610365*�*�$ -%(+*�$'K<2�858Q$C852�(+7�6�2@7;2@7 %
�+KE6)DED<(3B �7�6)&)65D<D<$CK<2@( $C*@*�2�7�6Q$CKE6��"J36)D , " J3*@,<2�=>$bDEJ J37�( 0365�+*�2U$'D<D<2U(C,E,?2@&)2�0365*U= $',<6)KE2�$C*@6
032�&)J32�*�$ � Q3K<$  &)(+= -%(+DE,?$�� � �"J36)D ,?(bD<&5(�- (� D ,/$',?$ 2�73DE6)KE2@,/$>J37�$ *�$'=>2@7�$

λ/2
-%6)K

KEJ3(C,/$'K<6;*�$ -%(+*�$CK<2@8)8Q$'8)2�(C736CB�=>657�,?K<6 - 65K =�2��+*@2�(+K<$CK<6>*7" $C&)&5(�-�-32�$C=�6)7�,?( 036)* �Z$CD<&52�( 2�7
2@73�+K<65D<DE(�&5(+7n2�* &)(+*@*�2@= $',<(+K<6  D ,/$',<(�2�73DE6)K<2-,?(1J�7b,<6)*@6)D<&5(�-32@(1&)(+=�6 2@*�*�J�DE,?K<$',?(:2�7 ���CJ3K?$
���653�
��*U&Q$'=1-%(b= $C�C7365,<2�&)(b032,�"J�$C0�K<J�-%(+*�(���+6)7�6)K?$I,?(;03$u03J�6>0365*�*@6 Q%(�Q32@736 J3D<$',?6>$C73&/A36
-%6)K1*�$ ,?K<$.-�-%(+*�$u= $'�+7365,<2�&)$ � �3�3� ���ON �j� ��$;&5(+K<KE6)7�,?6n(�-%6)K<$',?2 ''$ 03J3K<$C7�,?6n*�$u�Z$CDE6 032
9�� / �0�2d&)2�KE&Q$

12
� -%6)KtJ37b�+K<$C032�657�,?6g032d&Q$'=1-%( 032d&)2@K<&)$

10
$�$CJ�D<D

/
&)=u�

�t&Q$'=1-32�=>$C�+736j,?2@&)2�D*-3J�K0C�DE(+73(n&5(+7�,?K<(C*�*�$I,?2�$',E,?K?$ 'C6)K<DE( ,?KE6x&)(.-�-32�6:032 Q%(�Q32@736�2�7 &5(+7 %
���CJ3K?$C852�(+7�6 � 65*�=�A3(+*@,<8 (+K ,?(+�C(+7�$C*@2U,<K?$ *@(+K<(3� ��*N&)(+7�,?KE(+*�*@(;DEJ3*�*�$;&)(+KEK<657",<6n2�7	�"J365DE,?6
Q%(�Q32@736 � &/A36 ''$CKE2�$ ,?K<$

0
6

2
� &)2@K<&Q$�7365*�*�6 ''$CKE2�6g�Z$CD<2�0365*�*7" 6)D0- 65K<2@=>657",<( � x7�6)&)65D<D<$CK<2@(

-%6)K (C,<,<2�=�2�858Q$CKE6 2�*F-�K<(�&)6)DED<(>032|,?K<$CDE� 65K<2�=�6)7�,<(�0�6)�+*@2�$',?(+=�2|0�$'*�*�$1DE6)&5(+730�$ 9�� / $C*�*�$
,<K?$.-�-%(+*�$1= $C�C7365,<2�&Q$��
��*|7"J3=�6)KE(�032d$',<(+=>2%2�7�,<K?$.-�-%(+*�$',?2%$C* ,<6)KE=>2@736H0365*�*�$x�Z$CD<6 0�2|&Q$CKE2�&)$C=>657�,?( 2�= -3J3*@D?$',<( 
2@7",<(+K<7�(>$

109 $C0bJ373$�,<6)= - 65K?$',<J3K?$�-%(�&5(�DEJ�-%6)K<2@(+K<6g$'2
100µK

�

� � �Xa����r^ ��� �K�����ra  ��a'� �  �a ���:�[} ��a��ZaF�1� 	�a �0� }�M �:a �� [a ��
�a ��a �
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������� �&� 	X> M�#-#�$1W&W0!5�12;*<%D7"$K!5%]J&O&,.��(+*<4vQS�1�.#�!5$K9+7.!�45!�6-6-��7"$KWi*<,H45���'*I#�$�%&(0� � �H^����8*=(+90*�45*<%D7.!R#<$1%+a
@1*-,"E�*<%D7"!+#<$��'7"!�7"90!)�"#<$1%0$�90%=7.*<45*-�.#�$1W&!�$�%0*I#�*-�.�.��,.!�$AWX*-,r�1(0��7'7F��,.* 45*�(+!52=*-%&�"!�$�%0!&(+*-4+QS�1�.#�!5$�W0,"$�@�*<%0!5*<%D7.*
(0�14�4CB M���� ��4P#�$14545!�23��7.$1,.*
2;$1%D7.��7"$ �"904545�KJ&O0,F�0���8*;(+!)��7F��%06-*/�"$1%0$ �'7.��7"*/$�7'7.!�2;!56<6I��7"*=Wi*<,H$�7'7.*<%0*-,"*
4)�/23���"�"!�23�=* �K#<*<%06I�/!5%�9&�.#�!�7.�0�

� ������� � � � ��(� ��� � ����� � ����	 
�� ��
����8� � ��


� 73$ '+(C*@,/$ &)(+= -3*@65,/$I,/$t*�$tK?$C&5&)(+*-,/$t036)�+*@2�$',?(+=�2�7365*�*�$tD<65&)(+7�0�$F9�� /pD<2�2�7�,<6)K0'�2@6)736�&)(+7
03J36�(�-%6)K<$C8)2@(+732dD<J�&)&)65D<DE2E'+6x2�*d&)J�2�DE&)(�-%( g032�2@73&)KE6)=�6)7�,/$CKE6g*�$�036)73DE2@,�R�0365*�&Q$C= -32�(C736
6nK<2@03J3KE736 J3*-,?6)KE2�(+KE=>657�,?6�*�$;,?65=1-%6)K<$',?J�K?$�� � J365DE,?( n7365&)65D<D?$'K<2�( -%6)KE&/A��n2�*�K?$DA K<650 %
0�$C=�6)7�,<( 6�''$.-%(+K?$',<2E'C( K<2@&/A32�65036CB�&5(+=>61'+6)0�K<6)=�(3BU&/A36b*�$ 036)73DE2@,�R D<2�$ *�$ -32�p�+K?$'73036
-%(+D<DE2?Q32@*�6C�g�#" $CJ3=�6)7�,?(n0�2�036)7�D<2@,�R '�2�6)7�6 K<6Q$'*�2�858Q$',<( $',E,?K<$ 'C6)KED<(uJ37�$ �Z$CDE6 736)*@*�$1�"J�$'*�6
'�2�65736 ''$CKE2�$',<(�2�*d�+K<$C032�657�,?6g032�&Q$C= -%(>=>$C�+736j,?2@&)( - 65K =>$CDED<2�=�2�858Q$CKE6F*�$ 036573D<2-,SR>0�6)�+*@2
$',<(+=>2d7�6)*�*�$�9�� /F� ��$�03J3K?$I,/$>0�2��"J365DE,?$>�Z$CD<6 x0�2�&52�KE&Q$

20
=>D5�t4�J3&5&)65D<D<2 ''$C=>657�,?6x2@*

&Q$'=1-%( =>$C�+736j,?2@&)(1'�2@6)736:D*-%6)7�,?(n650 2�*����j� ��� � ���u0�6)2��Z$'D<&)2�032�9�� / '�2@6)736 - (+K ,/$',<( $

−22
9 � 8C� � J�6)DE,?$�&5(+7����CJ3K?$C852�(+7�6 -�K<6)7�036:2@*|73(+=�6F032d=�6)*�$CD<D<$�(',<,?2@&Q$ D<J Q %��H(.-�-3*�65K)�

��7 '�2@KE, � 0365*�*�$n2@7",<6)73DE2@,�RuKE2�03(C,E,/$b6>0�6)*U0365,<J3732@73� 65*�6('C$I,?(3B�*�$bD?$',<J3K?$'8)2�(C736�� ���ON � 73(+7
x,<K?$CDE&)J3K<$.Q32�*@6:6x*7" 6�A 65,<,<( '�2�DE&)(+DE(n036)*@*�$�� (CK<8Q$>032�032E- (C*�( �Z&5� K5� �k��� ��� � �kB &)(C=�Q32�73$',?( $C*
�+K<$C032�657�,?6 032 - (+*�$CK<2@8)8)$C8)2@(+736��+6)7365K?$',<( 0�$C*@*�$ &5(+7����CJ3K?$C852�(+7�6

σ+ � σ−
� ��K � n6�
�&)$C&)6

7365*NK<2@03J3KEK<6 *�$ 'C6)*�(�&)2-,SR;0�6)�+*@2N$',<(+=�2 �373( $ -%(+KE,?$CK<6>2�*U&Q$C= -32@(+736 $'*�*�$n,?65=1-%6)K<$',?J�K?$
032�&52�KE&Q$

50µK
�x��$ �Z$CDE61032�=�6)*�$CD<D<$ A�$ J37�$n03J3K<$',/$ 0�2�&)2@K<&Q$

5
=�DH,<K?$CDE&)(+KED<2�2B�"J�$'*�2

2�*�$CD<65K '+6)7��+(+73(uD*-%6)7�,?2U650 A3$b2@732�852�( 2@*�,?K<$CDE� 65K<2@=>657",<(n036)�C*�2�$',<(+=�2�2�7 ,<K?$.- - (+*�$ = $�%



��W�dR�VH�"P� Y�M R�M3:N^�%Y�R�M�Y�O)T �  ���

�+7�65,?2@&Q$�� � ��J�6)DE,<( DE&)(�-%( '�2�6)7�6�D0- 657�,?( -3K<2@= $ 2@*�*�$CD<65KF032�K?$ A KE6)030�$'=>657",<(b6
750µs

03(.- ( �"J36)*@*�(n032�K<2?-%(+= -�$C�+�C2�( 2@7 =>(�03(n&/A36��+*@2�$',<(+=�2�D<2�,?K<( '�2�7�(u7�6)*�*@( DE,?$',?(n� (+7�0�$ %
=�6)7�,/$'*�6 &5(+7

F = 2
� ��7pKE6Q$C*-,SR $C*�*@(;D*-%6)�C732�=�6)7�,?(;036)2��Z$CD<&52N032�9�� / �C*�2�$',?(+=�2UD<2

,<K<( ''$C73(�032�D ,?K<2EQ3J32-,?232@7�,<J�,<,<2�2
D<(C,E,?(+*@2E'+65*�*@2 � 656)=>$C7>0�6)*
*�2 '+6)*@*�( |F = 2〉 ����(C2�&/A��'B�&5(+=>6
'C6)03KE6)=�( $C* -3$CK?$C�CK?$'� (;��� � � N�B�D<2 '+(+�+*@2�(+7�( 2@7",<K?$.- - (+*�$CK<6�=>$C�+736j,?2�&)$C=�6)7�,?6��+*�2�$',<(+=�2
7365*�*@( DE,?$',?( |F = 1, mF = −1〉 B�D<2�KE6)730�6 7�6)&)65D<D<$CK<2@(�6(A 6j,<,<J�$CK<6]J�7�- (+= -�$C�C�+2�( (C,<,<2�&)(
'C6)K<DE( �"J36)D ,?(nDE,?$',?(�� � J365DE,?(1'�2@6)736:K<6)$C*�2@8)8Q$I,?(�2�*�*@J3=�2�7�$C7�03(�- 65K

200µs
�+*�2�$',<(+=�2�03$

J373$x*�J3&56 -%(+*�$CK<2@8)8Q$I,/$
σ−

KE2�D<(C7�$C7�,?6 &)(+7>*�$�,<K?$C7�D<2�852�(+7�6 |F = 2〉 → |F ′ = 2〉 ���#" $CD<DE6
032 ��J3$C7�,?2�858Q$C852�(+7�6 '�2�6)7�6F036 ��7�2@,?( 2@7 �"J36)D ,/$ �Z$CD<6H&)K<6)$C7303(�J37b036�Q (C*�6H&)$C= - ( =>$C�+736I%
,<2�&)( *@J373�+( * " $'D<D<6n0�6)*�*�$;,?K<$.-�-%(+*�$;=�6)0�2�$C7�,?6 *�6 Q%(�Q32@736n032�&5(+=1-%6)7�D?$C852�(+736'� � J365DE,?(
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êz = −(x/ry) x̂ + (y/ry) ẑ
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-32@*�(C,?$C7303(1*�$x,?6573D<2@(+736F032 ���C���g032 ,?K<6 Q�$'73&Q$',<6CB3&52�$CDE&)J373$�&5(+DE,<2@,<J32@,?$10�$���J3$',<,<K<(�9�� %
4�#B@#/w&5(+*�*@6)��$I,?2�2@7 -�$CK?$'*�*�65*�(3� � J36)D ,/$u,<6)&5732�&)$u&5(+73D<657�,?6�032UK?$C�+�C2�J373�C6)K<6xJ37F" 6)*�6(''$',/$
'+65*�(�&)2-,SRH032�&)(+=�=1J�,?$C8)2@(+736��Z2�7 -3K?$',<2�&)$H*�2@=>2-,/$',?$t03$C*�&)$CK<2@&)( 2@7303J�,E,?2E'C( &)(CDE,?2-,?J32-,?( 03$C*�*@6
Q%(�Q32�7�6�� = $'7",<6)73657303( KE6)*�$',?2 'C$'=>657",<6�Q�$CDED?$ *�$u&5(+K<KE6)7�,?6>&/A36 DE&)(+KEK<6�2�7 &)2�$'D<&)J�73(;03652
032@D*-%(+D<2-,?2E'�2 B�$CJ�=>657",?$C7303(C736g*�$1DE,?$.Q32@*�2@,�R��
� 73$ -3KE2�=>$ Q�$C73&)$',/$g032%9��g4�# @,/�&)(+7�,?KE(+*�*�$ *�$F&)(CK<K<657�,?6 736)*@*�6�Q%(�Q32@736t032 �"J�$C03KEJ�- (C*�(
$CJ3=�6)7�,?$C7303(u( 0�2�=�2�7"J36)7�03(b2�*��+K<$C032@6)7�,?6�032�&)$C=1-%(3B�=�6)7�,?KE6�J�7�$uDE6)&5(+730�$ Q�$C73&)$',/$
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R

Q

C A Q1Q2

HP

������� �&� �&> � !5,.#<90!�7"$;(+!�#�$1%D7.,"$�4�45$��"*<2;W045!nJX#-��7.$=(+*-4�#<��2;Wi$�23��E�%0*�7.!5#<$&� �:$�%0$�!5%&(+!)#<��7"*H4�*�ND9&��7"7",.$�Oi$�a
O0!5%0*/�cp/�1U p�}+U �AU MH�xU14CB ��45!�2;*<%D7F��7"$�,"*/� � � �Y*A4�*m7",.*qO&��%X#<��7.*m(+! � � �+b t ^ (0!i#<$1%D7",.$1454�$X�rB p/B�#<$1%D7",.$14545�
45��#<$1,.,"*-%�7.*/%&*<454�*3Oi$1O0!5%0*K(+!YND9&��(+,.90WX$�4�$�*I(hG39&�.��7.$�Wi*<,�@[�1,"!)��,.*=!�4ZE�,.��(+!�*-%D7"*;(+!r#<�12;WX$�!5%g2;$+(+$
#�$�%�7.,"$�4�4)��7.$&� B M�B0#�$�%�7.,"$�4�4)�
4)�=#�$1,.,.*<%D7"*A%0*<454�*�Oi$1O0!5%0* � *I(�M�U+2;*<%D7",.*/B �_B0�'7.�1O0!�45!56<6-�/4)�/#<$1,.,"*-%�7.*m%0*-4
#�!5,.#<90!�7"$;*_@:!�*-%0*�9&�"��7"$;Wi*<,m�"WX*-E1%0*-,"*H@1*-4�$+#<*<2;*<%D7"*�4)�/7",F��W0Wi$14)�0�

&5(+7�,?K<(C*�*�$ *�$ &)(+KEK<657",<6�736)*@*�6�Q%(�Q32@736 L 650 � �d�#" 2@7�,?6)KEK<J3852�(+7�6 036)*@*�$ &5(+K<KE6)7�,?6>$ '3'�2@6)736
-%6)K�=>658)85(x032
J37>&)2�KE&)J32-,?( '+65*�(�&)6 &/A36 $C858)65K?$:*�$g,<6)73DE2�(+7�6 032 ���C��� 036)*@*�$F,?6)KE8Q$ Q�$C73&)$',/$
032 9���4�#B@#/F����*�D<65�+7�$C*@6n&/A36 -32�*@(C,/$ �"J365DE,<( &52�K<&5J32@,<( b(C,<,<6)7"J�,?( &5(+7�� K<(C7",?$C7303( J37
DE6)�+7�$'*�6 -3KE(�-%(+K<852�(+7�$'*�6>$C*�*�$u&5(+K<KE6)7�,?6 &52�KE&)(+*�$C7�,?6 7�6)*�*@6 Q%(�Q32@736 &5(+7pJ37�$ ,<6)73DE2�(+7�6 032
KE2@� 6)KE2�=�6)7�,?(H�+6)D ,?2@,?$ 0�$C*@*7" 6)*�6j,<,<K<(+732@&Q$t0323&5(+7�,?K<(C*�*�( 036)*@*7" 6)D0- 65K<2�=�6)7�,<(3����7 �"J365DE,?(�=�(�03(�B
(+*-,?KE6t$ - (C,<6)K�D0- 65�+736)KE6 2@*�&)$C=1-%(F2�7 ,<6)= -3232�7�� 6)K<2@(+K<2�$C*3=�2�*@*�2@D<6)&5(+7303(�B'DE2�(C,<,<2�6)7�6]$C73&/A36
J37 �Q�/�<� � �/��� � &/A36 DE,?$.Q32�*@2�858Q$F*�$g&)(+KEK<657",<6 7�6)*�*@6 Q (�Q�2�736'����65K -3KE6�'C6)732@K<6H(CD<&)2@*�*�$C8)2@(+732�7�6)*
&52�K<&5J32@,<(�032|&)(C7",<K<(+*@*�( 7365*d&)2@K<&)J�2@,?( g2@73D<65K<2@,<( J373(�DE,?$C032�(�032d2@7�,?6)�CK?$C852�(+736'�
��$ -3KE(�&56)03J�K?$1032%&Q$CKE2�&)$C=>657�,?(x0�6)*�*�$�,<K?$.-�-%(+*�$:=>$C�+736j,?2�&)$�03$C*�*�$x9�� /  *�$:D<65�+J3657",<6 �
*�$�&5(+K<KE6)7�,?6:032H��J3$C03K<J - (+*@( '�2@6)736 - (CKE,/$I,/$�$

70
� B 'C$'*�(+KE6F&/A36x=>$CD<DE2�=�2�858Q$ �+*�2�$I,?(+=�2

K<$C&)&5(+*@,<2�0�$C*@*�$n9�� / &)(C7 2@*�=�2�732@=>(�K<2@D<&)$C*�0�$'=>657",<( 6)0  D<J 
>&52�657",<6�$ D<(+D ,?6)7�6)K<6��+*@2
$',<(+=�2 &)(C7",<K<(�*�$1�+K<$ '�2-,SR���4�J3&)&56)DED<2E''$C=�6)7�,<6:*�$1&)(+KEK<6)7�,<6�7�6)*�*@6 Q%(�Q32�7�6F032F�"J�$C03KEJ�-%(+*�(
'�2�65736�2�73&5K<65=>657",?$',/$ �373(u$C* ''$C*@(+K<61=>$CDED<2�=�( 032

240
� 6 DE2U$CJ3=�6)7�,/$ �CK?$C0�$I,/$C=�6)7�,?6
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*�$ &5(+K<KE6)7�,?6�7365*�*�6 Q (�Q�2�736 L 6)0 � ,?K?$'DE� 6)KE6)730�( 2@7 =>(�03(b$C032�$.Q�$',<2�&5( �+*�2�$',?(+=�2�7�6)*�*�$
,?K<$.-�-%(+*�$���(.A 6(%��UKE2@,<&/A�$CK<0 � � *d,?65K<=�2�736g0365* -3KE(�&56)DED<(3B &/A36xA�$>J37F" 6�
�&)65738Q$ 032�&52�K<&)$>2@*

30%
D<2U(C,<,<6)73�C(+73( �"J�$'*�&/A36�&)657",<2�7�$'2�(u032U=>2@*�2�(C732�0�2�$I,?(+=�2U$C0 J�7�$u,<6)= - 65K?$',<J3K?$b032

&)2@K<&)$
130µK

�
��$ &)(+KEK<657",<6t&/A36t$C*�2@=>657�,/$H*@6�Q (.Q32�736 '�2@6)736�� (CK<732-,/$H0�$ J�7��C6)7365K?$',<(+K<6]032 - (C,<6)738)$ �H� %
!�!�+ � � 2�7 �+K?$C0�( 032�� J37�8)2�(C7�$CK<6�D<2�$u&5(+=�6��C6)7365K?$',<(+K<6�032U&)(+KEK<657",<6 �

IMAX ' 250
� �

D<2�$ &)(+=�6F�+6)7�6)K?$I,?(+KE6�0�2|,?6)7�D<2�(C736 �
VMAX ' 11

� �j�

� ������� ��	 �(
 	 �(� ���
���� �/� � � � 
 � � �(
�� � ���

��* -�$CDED<( 036)&52�D<2 '+( '+65K<DE( *�$ &5(+73036573D?$C852�(+7�6 '�2�65736b&)(+= -32@J�,?( =�6)032�$C7�,?6nJ37F" 6�''$.-%(+K<$ %
8)2@(+736 � (+KE8Q$',?$b&/A�6 *�$'D<&)2�$ 2�7�,?K<$.-�-%(+*�$I,?2�DE(+*�(b�+*@2�$',?(C=>2B-�2�� � K<6)0�032 � � J36)D ,?( -3K<(�&)65D<D<(
-%6)K<=�65,E,?6b032](C,E,?65736)KE6 J37 $CJ3=�6)7�,<( 0�2 DE6)2](+KE032�7�2�032]�+K<$C7303658)8Q$ 036)*@*�$ 036573D<2-,SR 736)* %
*�(bD0-�$C8)2@( 0�6)*�*@6 �Z$CD<2U&/A36 - (CKE,/$b2�*�DE2�D ,?6)=>$b$C*�*�$n&)(+730�6)73D<$C8)2@(+736�032 GN(+D<6I%J@�2�7�DE,?652�7|�>��*
-3KE2�73&52?-32@(n032�� J373852�(+7�$'=>657",<( �2@*�D<65�+J3657",<6 �1J�7�$ $'7",<6)7373$ $bK?$C0�2�(C� KE6=�"J36)7�8Q$b2�7303J�&)6
7365*�&)$C= -32�(+7�6 $',?(C=>2@&)( ,?K<$C73DE2�8)2@(+732 � 656)=>$C7 ,?K<$u*@(nDE,/$I,?(u2�7�,?K<$.-�-%(+*�$',<(n6)0 J373(u73(+7
&)(C7���7�$',<(3B�K<2@=1J3( '+657303( $I,?(+=�2�03$C*�*�$b,<K?$.-�-%(+*�$	� D<6 DE2�K<2@6)DE&)6n$;KE2�=1J�(�'C6)KE6 D<65*�65,E,?2 'C$�%
=�6)7�,?6 DE(+*�( �+*�2�$',<(+=�2 -�2��X&)$C*�032U6 *@(;DE2��Z$ $'0XJ37�$ 'C6)*�(�&)2-,SRuD<J 
�&)2@6)7�,?65=>657�,?6n*�657�,/$
�Z&5(+= -�$',?2EQ32�*@=>657�,?6 &5(+7 *�$�'�2@,?$>=�6)032�$�0�6)�+*@2�$I,?(+=�2d2�7u,?K?$D-�- (C*�$�= $C�C7365,<2�&Q$ �N0�$>&5(+7 %
D<657�,?2�KE61$C�C*�2�$',<(+=>2�KE2�=>$C736)7�,<2d032�,<6)KE= $C*@2�858Q$CKE6CB�2�*�&)$C=1-�2�(+736gDE2�K<$DA KE6)0303$�� G (+7 DE(+*�(�B
$ &)$CJ3D<$ 036)* &)(C7���7�$C=�6)7�,<( 2�7 J37 -%(C,<6)73852�$C*@6u2@73(+=�(+�+65736)(3BN$ �"J365DE,/$XKE2�03J�8)2�(C736b032
,?65=1-%6)K<$',?J�K?$;&5(+K<KE2�D*-%(+730�6 J37�$ KE2�03J�8)2�(C736 0365*�*@6>032@=>6573D<2@(+732�(�&5&)J�-3$',?6 03$C*�*�$u7"J 'C(+*�$
$',<(+=>2@&Q$u6 �"J32�730�2 B�DE6n*�$b� K?$C852�(+736>032�$I,?(+=�2�KE2�=�(+D<DE2  D<J 
�&56)7�,?65=>657",<6 -�2�&)&5(+*�$�B�J37
$CJ3=�6)7�,<( 0365*�*�$b0�6)73DE2@,SR��n�#" $C7�,<6)737�$uJ�,?2@*�2@8)8Q$I,/$n73(+7  $'*@,?KE(b&/A36 J373$ Q%(�Q32�73$b0�2 �3*�(
032tK?$'=>6'B�&5(+DE,<2@,?J�2@,/$ 0�$

10
D*-�2�K<6b0365*t032�$C=�65,<K<( 032]J37 - (C*�*�2@&)6'B�$ ' '+(C*@,/$ 2�7�,<(+K<73( $C0

J37�$10�6)*�*@6 �3736)D ,?K<6g0365*�*�$:&)65*�*�$�����$x&5(+K<KE6)7�,?6g$C*@*7" 2�7�,?65K<73(:036)*@*�$ Q (�Q�2�7�$ H� (+K<7�2@,/$�0�$1J37
D<2@7�,?65,<2�858Q$',<(+K<6�4 P �F4��.5 Nx*�$1&)J32|� KE6=�"J365738Q$�6g$C= -32�658)8Q$1DE(+73(�&)(C7",<K<(+*@*�$',<6 '�2�$ $g���JGH�
��65K $C7�$'*�2�858Q$CKE6 2@7 =�(�03( ��J3$C7�,?2@,?$',?2 '+( 2�* -3K<(�&)65D<D<(�B�DE&)KE2E'�2�$C=�(3B�J3D?$C7�03( *�$�� ��� � �jB�*�$
&)(C73032�852�(+7�6�032�K<2@D<(+73$C738Q$ -%6)KU*�$H,?K?$'73D<2@8)2�(C736]$FK?$C0�2�(C� KE6=�"J36)7�8Q$ |F = 1, mF = −1〉 →
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|F = 1, mF = 0〉 �

hνRF = 1/2µB B(r)
� ��� + �

�H6j,<,?$ � K<6=�"J365738Q$n032�� (+730�( �
νfondo

� �"J365*�*�$>� K<6���J�6)738)$ - 65K &)J32�D<(+7�( 2�7 KE2�DE(+7�$C738)$ �+*@2
$',<(+=�2|D<J3*|� (C7303(�036)*@*�$x,<K?$.-�-%(+*�$	�

νfondo =
µB

2h
B0 ' 7 GHz

B0

1T
' 1.5 MHz

�Z���OM �

03( 'C6 DE2��-%(+D ,?(
B0 ' 2

��$CJ3DED)B��+*@2�$',<(+=�2�2@71K<2@D<(+7�$'738Q$ $'*�*�$t� K<6���J�6)738)$
νtaglio > νfondo

DE(+73( �"J36)*@*�2%&/A36gD<2 ,<K<( ''$C73(�$C0nJ373$1032�D ,/$C738)$1=>65032�$:0�$C*|&56)7�,?KE(�0�6)*�*�$:,?K<$.-�-%(+*�$�B
rrms

B
��DED?$',?$�03$C*�*�$1&)(+730�2�8)2@(+736 �

η =
∆ν

νfondo

=
B(rrms)

B0

− 1
� ��� � � �

03( 'C6
∆ν = νtaglio − νfondo

� P 2@&)(+KE0�$C7303( &/A36u*�$ ,<K?$.-�-%(+*�$� $'K<=�(+732�&)$ D<2t(C,E,?2�65736
2@7���736 �

η ' 1

2

mω̄2〈r2〉
µBB0

�Z��� ��� �
0�$ &)J32 BN0�$',<( &/A36 - 65K>J373$ ,?K<$.-�-%(+*�$ $CKE=>(+7�2�&Q$ 〈r2〉 ∝ 〈p2〉 ∝ T

D<2 A�$ &/A36'B���D&%
D<$C7303( 2�*B''$C*�(CK<6 032

νtaglio

B�DE2U(�- 65K?$b2�7 = $'732�65K?$nD<65*�65,E,?2 'C$n2@7 ,<6)= - 65K?$',<J3K?$�� � J�$C7�,?(
$C*@*�$ - (+DED<2EQ32�*@2@,SR 032�(C,<,<6)7365K<61J�7�$ K<2-,?6)KE= $'*�2�858Q$C852�(+7�6F6�
�&)2@6)7�,?6'Bd2�*�-3J37�,?(n&5K<J3&52�$C*@6�12@*
K<$.-�-%(+KE,<(b,<K?$n*�$ -3KE(�Q�$.Q�2�*�2-,SR 0�2�&)(+*@*�2�DE2�(+7�6x6)*�$CDE,<2�&)$ �

γel ∝ n
√
T
�jB�&/A36�0365,<6)K<=�2�73$C73(

*�$bKE2@,<6)K<=>$C*@2�8)8)$C8)2@(+736'B 6�*�$ -3KE(�Q�$.Q�2�*�2-,SR�032�&)(+*@*�2@D<2�(C732�$C736)*�$CDE,<2�&/A36'B�&/A36>DE(+73(u*�$ &)$CJ3D?$
-3KE2�73&52?-�$'*�6H0�2�- 65K<032-,?6 0�$'*�*�$�,?K?$D-�- (C*�$�� &5� K)����� � � � �j��4�6g*�6 -3KE2�=�6 D<J - 65K?$C73(�*�6HD<6)&5(+73036
2@*�DE2�D ,?6)=>$ -3J�">,<6)KE= $C*@2�858Q$CKE6�2@7u,<6)= - (�J�,<2�*�6'B
$C*@,<K<2@=>657",<2|D<2�-%6)K<0�6)K?$'7373(n$',<(+=�2d0�$C*�*�$
,<K?$.-�-%(+*�$ D<6)7�8Q$ K<2�J�D<&)2@K<6b$C0 (+DED<65K0''$CK<6bJ37 K<$DA KE6)0303$C=>657�,?(3� ��6)K �"J36)D ,?( n&)K<J�&)2�$'*�6
2@732�852�$CKE6x2�*�K?$DA K<65030�$C=�6)7�,<(u6(''$.- (CK?$',<2E'+(n&5(+7 J37�$n036573D<2-,SR D<J 
>&52�657",<6)=�6)7�,?6�6)*@6�''$',?$��
4�2 -3J�"bDE,<2�=>$CK<6 �65�5 � &/A36�J37 &)(+7��+K<J3(nK<$.-�-%(+KE,<( ,?K<$ *�$ -3KE(�Q�$.Q32@*�2-,SR�032�&)(C*�*�2@D<2@(+732�6)*�$ %
D ,?2�&/A�6 6 �"J365*�*�6 $C7365*�$CD ,?2�&/A�6 D<2�$ 032�&)2@K<&)$ � NC� $ � �u��7	-3K?$',<2�&)$ D<2�(C,E,?2�65736 J�7X�+K<(CD<D<(
K<$DA KE6)0303$C=>657�,?(;0�6)*U&Q$C= -32@(+736 K<2@03J3&56)7303( -3K<(C�+K<65D<D<2 ''$C=>657�,?6

η
61�"J32@73032�KE2�03J3&56)730�(

*�$�,?65=1-%6)K<$',?J�K?$>0�6)�+*@2�$I,?(+=�2d&/A36 'C6)73�+(C73(n6)*@2�=�2�7�$',<2 �NG 6)*�&)(CK<D<( 032 �"J365DE,<( -3K<(�&)65D<D<(
,<J�,<,?$ '�2�$�2@*3,/$CDED<(x0�2%&5(+*�*@2�DE2�(+732�6)*�$CDE,<2�&/A36t032@=>2@7"J32�DE&)6]6 *7" 6�
�&)2@6)738)$:0365*%K<$DA K<6)0�0�$C=�6)7�,?(
-3J�" 0365�+K?$'0�$CK<6'����6)KE&/A��;&52 " 73(+7 $C&)&)$C0�$ *7" 6�''$.-%(+K?$'8)2�(C736 b*�(+�+$CK<2-,?=�2�&Q$u736)*�,<K?$',E,?(
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2�7�2�8)2�$C*�6 �
30 →∼ 1.8

9 � 8g2�7
43

D ��6�*�2�7�6Q$CKE6�7�6)*d,?K<$',<,<( ��73$C*�6 � ∼ 1.8 →∼ 1.7
9 � 8

2�7
13

D �k� � * ,<6)KE=>2@736 0�6)*F-3KE(�&56)DED<(�*�$�K?$C032@(C� K<6��"J36)738)$ '�2�6)7�6 D*-%6)7�,/$ 6 �C*�2 $',?(+=�2%736)*@*�$
,?K<$.-�-%(+*�$ D<2�,?K<( ''$C73(g$ ,?6)= -%6)K?$I,?J3K<$H2�7�� 65K<2@(+K<6�$

Tc

BC736)*@*�$ �Z$'D<6�032�&)(+7�036)73D<$',?(g032 GN(+DE6(%
@�2�73D ,?652�7|B &)(+7 J�7 7�J�=>65K<( 032�$',?(C=>2�032�&)2@K<&Q$

1.8 · 105 �FG (C,?2�$C=�(>&/A36'Bd$ &)$CJ3D?$ 0�6)*�*@6
''$CK<2�$C8)2@(+732�032�,?6)= -%6)K?$I,?J3K<$�B�&)2@K<&Q$'032�$C7�6]6 -�K<(�-3KE2�6t0365*%&52�&5*�(F032
K<2E- 6j,?2@8)2�(C736�0365*�*7" 6)D0- 65K<2 %
=�6)7�,?(3B

νfondo

73(+7>D<2%= $C7�,<2�6)7�6 &5(+DE,?$C7�,?6C���H2%&)(C73D<65�+J36)7�8Q$1D<2%2�7�,<6)K0'�2@6)736 'C$'K<2�$'7303(�*�$
� K<6��"J36)738)$n032�,?$C�+*@2�(���7�$C*@6x2�7;=>(�03( 03$ = $C7�,<6)7365K<61*�$�,?65=1-%6)K<$',?J�K?$ Q%6)7 $'*�032�D<(C,E,?(
032H�"J36)*@*�$�&)KE2@,?2@&Q$ 6 ��J�2�73032�=>$C7�,?65736)KE6 -3J�K<( 2@*d&)(+7�036)73D<$',?(�� /]2?-32@&Q$C=�6)7�,?6g*�$�032�$C�+73( %
DE,<2�&)$;036)*@*7" 6)D0- 65K<2�=�6)7�,<( '�2�65736 6(A 6j,<,?J3$',/$;(CD<D<65K0''$C730�( ��'%� �?��� � � K �g*�$u7�J Q 6 0�2N$',<(+=�2
,?65K<=�2�&52�&/A36HDE2%(',<,?2@6)736 $CKEK<6)D ,/$C7�03(x* " 6('C$D- (+K<$C8)2@(+736t$C0>J37�$g� K<6=�"J365738Q$:032

3
9 � 8'��4�6 2@*

7"J3=�6)K<(g032
$I,?(+=�2 -3KE6)DE6)7�,?2%$ ��J�6)DE,<( -�J37�,?(  2@7�� 6)KE2�(+KE6]$
1.7 ·106 *7" J3*@,<6)KE2�(+KE6N6�''$.-%(+K<$ %

8)2@(+736:&)(+730�J3K<K*Rn$C*�*@(>D&'�J�(C,/$C=�6)7�,<( 036)*@*�$�,?K?$D-�- (C*�$>DE6)738)$ - (CD<D<2EQ32�*@2@,�R�032�K?$'�+�+2�J�73�+6)KE6
*�$g,?65=1-%6)K<$',?J3K<$x&)KE2@,<2�&Q$g&)(C7nJ37�$x036573D<2-,SR $.- -3K<658)8Q$DQ32�*@6C���d6 &5(+73032@8)2�(C732
(C,<,<2�=>$C*�23DE(+73(
'�2�&56�'+65K<D<$ J37�$b7"J�Q%6�,<6)K<=�2�&)$ &)(+7 J37 7"J3=>65K<(u032U$',<(+=>2�2�7�,?(+KE73(u$

2.1 · 106 6)0 J37�$
036573D<2-,SR (C,<,<2�&)$�� '%� �?��� � � K �N032�- (�&)(�DEJ�- 65K<2@(+K<6g$
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� ������� �	� ��� ��

�� ����� � 
�� ��� � � ����� �/� �

��$;032�$C�+73(+D ,?2@&Q$ 0�6)*N&5(+73036573D?$I,?( (3BB-32�X2�7 �+6)7365K?$C*@6CB�0365*N&5(+7�,?6)7"J�,<( 036)*@*�$u,<K?$.- - (+*�$
=>$C�+736j,?2�&)$�B '�2@6)736�6�A 65,E,?J�$',?$ =>65032�$C7�,<6�J�7F" 2@=>=>$C�+2@736H2@7u$CD<DE(+K*Q32@=>657�,?(�036)*@*�$17"J 'C(+*�$
$',<(+=>2@&Q$	��J�7;2�= -3J3*@D<(�0365*�*�$ *@J3&)6�032dK<2E- (C=1-�$'�+�+2�(���'%� ���3����� � ��,<K?$CD � 6)KE2�D<&56:�C*�2d$',<(+=�2
0365*d&)(+730�6)73D<$',?(>0�$C*�*@(1DE,?$',?( |F = 1〉 $C*�*@(1DE,?$',?( |F = 2〉 B32@=>=�6)0�2�$',?$C=>657�,?6H0�(�- (�*�$
7"J '+(C*�$n$',<(+=>2@&Q$ '�2@6)736x2�*�*@J3=�2�7�$',?$10�$ J37 �Z$CDE&)2@( 032�*@J3&)6xK<2�DE(+7�$C7�,<61D<J3*@*�$�,?K?$'73D<2@8)2�(C736
032�K?$DA K<65030�$C=�6)7�,?( �Z&/A36'B�$'*�&5(+7�,?K?$'K<2�(;032 �"J365*�*�$;032NKE2?-%(+= -�$C�+�+2@(3B  J373$;,?K?$'73D<2@8)2�( %
736�&/A32�J�D?$ � 6)0 2�*#-3KE( ��*@(u0�2�2@7�,?6)7�D<2@,�Rn036)*��Z$CDE&)2�(b,?K<$CD<=�6)DED<( '�2@6)736�2@7",<6)�+K<$',?(u0�$bJ37�$
,?65*�65&Q$C=�6)K<$ L L��x�d��*�&5(+73036573D?$I,?( '�2@6)736x032�D ,?K<J�,<,?(n03$ ��J�6)DE,?$ -3K<(�&)6503J3K?$n6��"J32@73032�DE2
$C&���J�2�D<2@D<&56�J�7�$�DE(+*�$12@=>=>$C�+2@736 -%6)K](C�+732d&)2@&)*@( 032dK<2E- 6j,?2�852�(+7�6H0365*�*7" 6)D0- 65K<2@=>657",<(3�
G 65*�* " 2@=>=>$C�+2@7361K?$'&)&)(C*@,/$u0�$C*@*�$ L L�� *7" 2�7�,?6573D<2-,SR�>=>2@73(+KE6>2@7 &)(CK<K<2@D*-%(+730365738Q$ 0�6)*�*�$
7"J '+(C*�$ $',<(+=>2@&Q$�B3-%6)K<&/A��F2�7 �"J36)D ,/$ 8)(C7�$ �+*�2 $',?(C=>2%A�$C737�(�$CD<DE(+K*Q32-,?(1� (C,<(+732 0�$C*�*�$:K<$ %
032�$C8)2@(+736�6��"J32�730�2�0�$ ��J�6)DE,?$ ��(+=�Q�K?$ ��DE2 -%(+D<DE(+73(FKE2�&Q$ ''$CKE6N2�7�� (+K<=>$C8)2@(+732��"J�$'7",<2@,?$',?2 '+6
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DEJ3*�*�$u7"J 'C(+*�$uDE,?65D<D<$��b��65K:,?65736)KE6 &5(+7�,?(;0�6)*�*@6 ��J�,<,<J�$C852�(+732�0�2�2@7�,?6)7�D<2@,�Ru7�6)*�*�$CDE6)Kg032
KE2E'+65*�$C852�(+7�6CB�0�6)*�*�$ *@J3&)6>D*-3J3KE2�$;&/A�6 2�79'+65DE,<6n*�$u,<6)*@6)&Q$'=>65K?$ 6 036)*@*�$ &5(+K<KE6)7�,?6 032 Q�J32�(
0365*�DE6)73DE(+K<6 L L��:BF- 65KH(+�C732�&5(+73036573D?$I,?( '+6573�+(+7�(nK?$C&5&)(+*-,?6g,?K<6:2�=�= $'�+2�732��U*�$1-�K<2�=>$
 �"J36)*@*�$1036j,<,?$�DE(�-3K?$ 2@7u&5J32dD<(C73(1-�K<6)DE6)7�,?2��+*@2|$',<(+=�2 B�*�$1D<65&)(+7303$�K<$C&)&5(+�+*�2@6 2�* -3K<( �3*�(
032�2�7�,<6)73DE2@,SR>036)*��Z$CD<&52�(>2�7 $'D<D<65738Q$n032�$',<(+=>2 B�=>657�,?K<6:*�$�,?6)KE8Q$ K<$C&)&5(+�+*@2�6g2�*H-3KE( ��*�(>032
2@7",<6)73DE2@,�RH036)*@*�$ *�J3&56�032�� (C7303(3B'&)2�( NDE6)738)$F*�J3&56N032�K<2E'C6)*�$C8)2@(+736C����71,?J�,<,?6N6N,?KE6�*�6�2�=�= $ %
�+2@732�'�2�65736HJ3D<$',?(:2�*�=�6)0365D<2@=>(g,?65=1-%(:0�2%65D*-%(+D<2@8)2@(+736 2�7 =�(�03(g0�$:&5(+=1-%6)7�D?$CKE6 -%6)K�*�$
&5(+K<KE6)7�,?6:032HQ3J32�(��]��$�036573D<2-,SR�(C,<,<2�&Q$ 0365*�&)$C= -32�(+7�6 -3J�" 65D<DE6)K<6xK<2�&)$ 'C$I,/$ &)(+D ,?KEJ36)730�(
*�$�=>$',<K<2�&56 �

OD (z, y) = ln

(
I2(z, y) − I3(z, y)

I1(z, y) − I3(z, y)

) �Z��� � � �
03( 'C6�2@*�7"J3=�6)KE(n2�7 Q�$'D<D<(b2@73032�&)$ *�$ � (',?( DE6)&)(C7303(u*�$ DE6=�"J36)7�8Q$b0365,E,/$nD<(�-�K?$����4- (',?2�8I%
8)$C7303(n&/A36x2�*H- (C=1-�$'�+�+2�(�(C,E,?2@&)( DE2�$ &5(+= -3*�6j,?(�61&/A361*�$�,?K<$C73DE2�8)2@(+736�73(+7 DE2�$ 65&)&56)D<DE2 %
''$C=�6)7�,?6 D?$',<J3K?$I,/$�B3�"J36)D ,/$ HJ�7�$x=�2�D<J�K?$g036)*@*�$g036)73DE2@,�Rx7"J3=>65K<2@&Q$:2@7�,?6)�CK?$',?$�*@J373�+(:*�$
032@K<658)2�(C736>0�6)*U�Z$CD<&52�(u&/A36CB�7�6)*�73(+DE,<K<( &Q$CDE(3B�&5(+2�73&52�036�&)(C7 J37�$u032�KE6)852�(+736�K?$'032�$C*@6���'%�
��������� N � � N+� � �

OD (z, y) = σ0

∫
n(x, y, z) dx

� ��� � � �
G 6)*�*�$ � (CK<=1J3*�$ -�K<6)&56)03657�,?6

σ0

2�7�032�&)$ *�$ D<658)2@(+736;0 " J3K ,?(X2@7\$CDED<(+K0Q32�=�6)7�,<( &/A36'B 7�6)*
&)$CD<(�2�* &Q$C= -32�(C736F$.Q�Q�2�$xJ373$�036573D<2-,SR1DEJ 
�&)6)7�,<6)=�6)7�,?6 Q�$CD<D<$�03$16)D<&5*�J30�6)K<6�032 A J3DE2�(+7�2
=1J�*@,?2E-3*�6 032|� (C,<(+732 B�736)*@*�6F2E- (C,<6)DE2 '�2�DE,<6 -3K<2@= $�B3''$C*�6 �

σ0 = 3λ2/(2π)
�

��$>=>$',<K<2�&56
OD

K<2@&Q$ ''$',/$�0�$C*@*�6F,?KE6�� (C,<( '�2@6)736:J�,?2@*�2�858Q$',?$�- 65K J37��3, Q32�032@=>6573D<2@(+7�$C*@6
0365*�*�$:032@DE,?KE2?Q3J�8)2�(C736 $',<,<6)D?$ - 65KNJ37�$:7�J Q 6H,<6)KE=>2@&Q$ � ��$CJ3DED<2�$C7�$ ��( -%6)K�J37n&)(+7�036)73D<$',?(
2@7uKE6)�+2@=>6F0�2�/]A3(+=>$CD&%�#
65K<=�2 � � � � ! �j�U� $C*
��, 'C6)73�C(+73( KE2�&)$ ''$',<2|*�$ 036573D<2-,SR�032�-32@&)&)(�6
*@6x032@=>6573D<2@(+732 �

σ
0365*�*�$>��$CJ�D<D<2�$C7�$ (nK<$C�+�+2@( 032�/]A3(+=>$CDJ%�#�6)KE=>2 � � � � + � �j�FG (C,?2��"J36)D ,?2

-�$'K?$C=�65,<K<2�DE2�(C,E,?2�6573612@*�7"J3=�6)K<(n0�2�$',?(C=>2�6CBd7365*�&Q$CDE(n032�J373$b�+$CJ3D<DE2�$C73$�B|*�$�,?6)= -%6(%
K<$',?J3K<$u0�6)*�*�$n7�J '+(+*�$u=�6)032�$C7�,?6�2�*#-�K<2�7�&)2?-�2�(n032U6=�"J32E-�$CK ,?2�852�(+7�6C� � J�$C7303(�1-�K<6)DE6)7�,?6
J37;&)(+730�6)73D<$',?( DE( '�K<$.-�-%(+DE,<( $C0 J37�$ 7"J�Q%6:,<6)KE=>2@&Q$ D<2�-3J�">6�A 65,<,<J�$CKE6xJ37��3, $'0;J37�$
032@DE,<K<2?Q�J38)2@(+736 Q32@=>(�0�$C*@6H��$CJ�D<D<2�$C7�$16 /]A3(+=>$CDJ%�#�6)KE=>2 �

��$F,<6)*@6)&Q$'=>65K?$FJ�,?2@*�2@8)8Q$I,/$�tJ37�$ /]A365,?$14 ��D ,?6)= 4�� 4 � %�D?�.+9N�B�&/A36  DE,/$I,/$F2�73D ,/$C*@*�$',?$
03J�K?$C7�,?6 �"J36)D ,?(X*�$ 'C(+K<( 032t,?65D<2 �u,/$C*@6b032�D0- (+DE2@,<2E'+( =�(+7�,/$ J37\DE6)73DE(+K<6 L L�� 4��FG��
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�&L��g�D+9N � ��B"*�6]&5J32%&Q$CK<$',<,<6)K<2@DE,<2�&/A36tD<(C73(:KE2?-%(+KE,?$',?6]7�6)*�*�$ ,/$.Q%6)*@*�$F��� � ����*
D<6573D<(CK<6 L L��

� M�Y�O=
WIM � � � � � ��� 
���� 8 � ���nS
�H2@=>6573D<2@(+732 036)*�D<6573D<(CK<6�2�7 -32	��65*

1392 × 1040
�H2�=�6)73DE2�(+7�2 0365*dD<2�7��+(+*�(�-�2
��6)*

6.45µm × 6.45µm
@ 
�&)6)7�8Q$1�"J�$'7",<2�&)$�$

780
73=

40%
LN(+KEK<6)7�,<6�0�2�Q3J32�(�$

15oC 2 e−/pixel/s
��KE(C� (+73032-,SR10365*�L � �

14
Q32@,

(0 − 16383)

^v�1OX*-4�4)� �0�5�1> �Z��,F��2;*�7.,"!�(+*-4��"*<%&�"$1,.* � � � 9+7"!54�!56<6I��7.$=Wi*<,�45*_!52=23�1E1!5%0!�!�%]���"�"$1,.O0!52=*-%D7"$

�-3KE(C,?6j,<,<(n0�$ J37 (C,E,?J3K<$',?(+KE616)*@65,E,?K<(C732�&5( 6)0 1=>$C7�,?657"J�,?(b$ ,<6)= - 65K?$',<J3K?$ &5(+DE,?$C7�,?6
0�$uJ37�$;&56)*�*�$ ��6)*-,?2�65K)�n��*�,?65=1-%(;0�2�2@7�,?6)�CK?$C852�(+736�6�*7" $.- 65KE,<J3K?$b036)*@*7" (C,<,<J3K?$I,?(+KE6�DE(+73(
&)(C7",<K<(+*@*�$',<2 03$�J�7 2@=1-3J�*�D<( / /t� 2�79'�2�$I,?( 0�$C*|� L &/A36g&)(+7�,<K<(+*@*�$x*�$x,?6)= -32@DE,?2@&Q$10365*�* " 6I%
D*-%6)KE2�=�6)7�,?(�����* ,<6)= - (x,<(C,/$'*�6 736)&56)D<D<$CK<2@(�$C*%,<K?$CD � 6)KE2�=�6)7�,?(10�6)2 03$',?2 0�$C*�*�$g,<6)*@6)&Q$'=>65K?$
$C*@*�$xDE&/A36)0�$�032�$C&���J�2�D<2@8)2@(+736 g032|&52�K<&)$

250
=�D)�

� $',<6 *@6n032�=�6)73DE2�(+7�2N03652 -�2
��6)*]KE2?-%(+KE,?$',?6 DE(�-3K<$ b7365&)6)DED?$CKE2�( 2�7�,?KE(�03J�K<K<6nJ�7 2@7 %
�+K<$C73032@=>657",<( 736)*ND<2�D ,?65= $ 032�KE2E'C6)*�$'8)2�(C736C� � J�6)DE,<( uKE6Q$C*@2�858Q$',<( 2�7�,?KE(�0�J3&)657303( J37�$
&)(.-�-32�$g032%*�657",<2
&)(+79'+65K<�+657�,?2 &/A�6 -3KE(+2�6j,<,/$'73(:DEJ3*;-32�$C7�(:0365* DE6)73DE(+K<6 L L�� J37F" 2�=�= $'�+2 %
736t2�7��+K?$C7�032@,?$ 036)*
&)(C73036)7�D?$',<(3��� $',<(:&/A�6CB�&)(+=�6t2�*�*@J3DE,<K?$',<( 2�7 ���CJ3K?$����OK�B�2�*�&)$C=>=�2�7�(
0365*��Z$CDE&)2@(>032�D<(C730�$ &5(+2�73&52�036g2@7 -�$CK ,?6�&)(+7;2�*�&Q$C=�=�2�73(�032�J373( 036)2d�Z$CDE&)2�032�9�� /FB 
7365&)6)DED?$CKE2�(bK<2@D*-%65,E,/$CKE61$C*@&)J3732�'�2�73&5(+*�2�2�= - (CDE,?2�0�$C*@*�6�&Q$CK<$',<,<6)KE2�DE,<2�&/A36x&/A36 2��Z$CDE&)2�0�6)*�*�$
9�� / 036�'C(+73(b$ '+65K<6'�g��$ -3K<2@= $�036)*@*�6�03J361*@6)7�,?2  -%(+D ,/$ 2@7 -%(+D<2@8)2�(C736�,?$C*�6:0�$ $ '+65K<6
2�*�&5(+73036573D?$',<(n032BG�(+D<6I%J@�2�73D ,?652�7 $.- -3K<(+DED<2@= $',<2E''$C=�6)7�,?6g7365*�� J3(�&)(�� ��$>,?65*�65&Q$C=�6)K<$ 
DE,?$',/$�-%(+DE2�8)2@(+7�$',?$:7365* � J3(�&)( 0365* ,?65*�65D<&)(.-32�(1&5(+DE,<2@,<J32@,<(10�$C*@*�6H0�J36F*�657",<2 6 *�$ -%(+D<2@8)2�(C736
�DE,/$I,/$�$C�+�+2@J3DE,?$',/$ ��7365=>657�,?6:$C&=�"J32@D<6)7�03( J37 " 2@=>=>$C�+2@736 0365*�*�$1,<K?$.-�-%(+*�$�=>$C�+7�65,?2@&Q$��
� J�$C730�( *@6n032�=�6)73DE2�(+7�2N0365*�*7" 2�=�=>$C�+2�7�6�DE(+73( =>2@732�=�6 6b*�$ 0�6)73DE2@,SR (C,E,?2@&Q$ b= $CDED<2 %
=>$;2�*UD<2@DE,<6)=>$;D<2 -3J�" &)(C73D<2@036)K<$CK<6n$u� J3(�&5(3� �#" 2�73�+K<$C73032@=>657�,?(;KE6Q$C*@6 0365*NDE2�DE,<6)=>$ 
DE,?$',?(u=�2�D<J�K?$',<(u(CD<D<65K0''$C730�(;*�$b&Q$'03J�,/$b*�2EQ 65K?$n032�J37 &)(+7�036)73D<$',?(�� ��*#'C$'*�(+KE6 (C,<,<6)7"J %
,?(�

2.22 ± 0.03
&/A�6>� (+KE732�DE&)6CB�J3D<$C7303( *�$n032�=�6)7�D<2�(C736 036)2,-32	��6)*U2�7 ,/$.Q%6)*@*�$n��� � B�J37

�Z$',E,?(+KE6F032dD<&)$C*�$�-%6)K]*�6F2@=>=>$C�+2@732<-�$CKE2�$
(2.96 ± 0.02)µm/px
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��4
Fascio 

di sonda

Fascio di MOT
(sin)

Fascio di MOT
(dx)

f = 60 mm

��4

BEC

f = 100 mm

Filtro interferenziale

Telecamera CCD

������� �&� �+> �+#FT0*<23�A$�7"7"!)#�$A(0*<4DQS�1�.#�!5$A(+!:�"$1%&(0�&� � $�%�7.,"$�4�4)��%X(+$q$1W&WX$�,'7.90%&��2;*-%�7.*r4)�qWi$14)��,.!�6-6-�16<!5$1%0*Y(+*-!
QS�1�.#�!CU�2;*I(+!5�1%D7"*m9&% �'!)�'7"*<23�/(+!i#<90Oi$�Wi$14)��,.!�6-6-��7.$1,.* ��45�12=!5%&�A45�12�O�(0�
ND9&�1,'7.!&GmWi$��.�"!�O0!545*A�"$�@D,F��W&WX$�,",.*
!�4RQS���"#<!�$ (0!P�"$1%X(0�3*-(f!vQS���"#<!R(0! � �H^�������(+!)��7F��%06I� ��W&W0,"$D�"�"!52;��7"!5@��=7",F�K!54R#<$1%&(+*-%&�.��7"$ *�4)�KW0,.!�23�
4�*-%D7"* GV#�!5,.#-�

67
2;2�UP2;*<%D7",.* 4)�f(+!)��7F��%06I�]7.,.�]45*�(090* 45*<%D7"! G�#<!�,F#<�

300
2;2��h�v�f(+!)��7F��%06I�]7",F�]4)�

�'*I#�$�%&(0�]45*<%D7"* *K45�f7"*-4�*I#<��2;*-,.� � � � G�#�!5,F#<�
75
2;2 *-(lG���7F��7.�f$�7'7.!�2;!56<6I��7.�h#�$12;* (0*-�.#�,.!n7"7"$]%0*-4

7"*I��7.$&�

� ��� _%i }�s�c�h5qNr:ijr r�cdc�h5qNr � r:fbhji5s ob`bh5mnh � st`badhjrx`begi5s

LN(+=�6 0�65,<,<( $C* -�$CK?$'�+K?$'� ( ��� ��B�2�*UKE65,?2@&)(+*@(;(C,E,?2@&)(;=�(�Q32@*�6� &5(+DE,<2@,<J32@,<(;0�$;0�J36 �Z$CDE&)2
*�$CD<65Kx&)(C7",<K<(�-�K<(�-�$'��$C7�,?2U,?K<$ &)J�2N6)DE2�D ,?6 J373$;036 �3732@,?$ K<65*�$C852�(+7�6>032U�Z$CDE6C� ��6)K �"J365DE,?$
K<$C�+2�(C736CB<�"J36)D ,?2�73(+7 -%(+DED<(+73( 6)D<DE6)KE61(C,<,<6)7"J�,<2�0�$>03J36xDE(+K<�C6)7�,?2�032�D ,?2@7",<6CB
=>$>036('+(+73(
65D<D<65K<6:K<2�&)$ 'C$I,?2F-%6)K]032 '�2�D<2@(+736 0�2dJ37F" J3732�&)$�DE(+K<�C6)7�,?6'�
��73(C*@,?KE6CB�$ 
�73&/A���2@*�KE65,<2�&)(C*�( -%(+D<D<$n6)D<DE6)KE6>=�6)DED<(b2�7 =�( '�2@=>657�,?(3B  736)&56)D<D<$CK<2@( -%(C,<6)K
''$CKE2�$CKE6�*�$ � KE6=�"J365738Q$g0323J37�(F036)230�J36]�Z$CD<&52 � ��$'*�J�,<2�$C=�( &5(+=�6�-3K<2@=>( -�$CD<DE( ��J3$C*�6�0�6=Q %
Q�$:6)D<DE6)KE6 *7" 6)7�,?2-,SRg032;��J�6)DE,<(1D*-%(+D ,/$C=�6)7�,?(x2�7�� J3738)2@(+736 036)*@*�6 '+65*�(�&)2@,�R�&/A�6HD<2<'+(C�+*�2@(+73(
(C,E,?65736)KE6C��LN(C=>6�$.Q Q32�$C=�(1'�2@DE,?(b$ -�K<(�-%(+D<2-,?(n0365*�*@6x(+730�6 032#GN*@(�&/A � �����653� � � *7" J3732-,SR
7�$I,?J3K<$C*�6 2@7n&)J32 =>2@D<J3K<$CK<6 *@6 '+65*�(�&)2-,SR F*�$ '+6)*@(�&52@,�Rx&)(+KEK<2@D*-%(+7303657",<6�$C* �"J�$CDE2 % 2�= -3J3*�DE(
032�Q%(+KE03( Q�$C730�$�B

h̄qB
B36g0�$',?$�B - 65K

λ = 820.5
73=uB�0�$	�

vB =
h̄qB
m

=
h̄k

m
' 5.60 mm/s

� ��� � 5 �
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Pt2�&)(CK<0�$C7�03( * " 65D*-3KE6)D<DE2�(+7�6�� ��� � K � -%6)K *�$ 'C6)*@(�&52@,SR�0365*�K<6j,?2@&)(+*@(>2@7 � J373852�(+7�6:0365*�*�$>032-� %
� 6)KE6)738)$ 032�� K<6=�"J365738Q$�B D<2�(C,<,<2�65736:&/A�6 $ �"J36)D ,/$ 'C6)*�(�&)2-,SR�&)(+KEK<2@D*-%(+73036:J37�$ 032 A 65K<65738Q$
032|� KE6=�"J36)7�8Q$�,<K?$ 2|03J�6��Z$CDE&)2�-�$'K<2d$	�

∆νB =
2vB

λ
=

2h

mλ2
' 13.6KHz

� ��� � N �

��7 *@2�736)$g0�2�-3KE2�73&52?-32@( ��J�2�73032<-%(C,?KE6=Q�Q%6H65D<DE6)K<6HD<J 
�&)2@6)7�,?6H=>(�03J3*�$CK<6]J37�(xD<(C*�(x0�6)2%03J36
�Z$CDE&)2t&)(+7 � K<6���J�6)73856 032 $C*�&5J3732 � � 8'� ��7�,?K<(�03J3KEK<6uJ37�$ =>(�03J3*�$C8)2@(+736n$ ��J�6)DE,?$ � K<6I%
�"J36)7�8Q$x&5(+7 $'&)&)J�K?$',<6)8)8)$xD<J 
>&52�657",<6 -%6)KU2
73(+D ,?K<2
DE&)(�-32
73(C7 ],?J�,E,/$ '�2�$gD<65=1-3*@2�&56C����6)K
�"J36)D ,?(:D<2�=�(�03J�*�$C73(��j��� �E��� � ��23�Z$CD<&52�6 DE2�2�7�,?KE(�0�J3&)6]J373$�032 A 65K<65738Q$g0323� K<6��"J36)738)$�,<K?$
*�6:03J361=�(�03J3*�$'8)2�(C732 � LN(+D����Z$C&56)730�(3B *@( D*-%(+D ,/$C=�6)7�,?( 032�� KE6=�"J36)7�8Q$ -3J�"n65D<DE6)K<6 (',<,?6I%
7"J�,?(u�Z$C&)2@*�=�6)7�,?6�=�6)032�$C7�,?6�03J36>=>(�03J3*�$',?(CK<2�$'&)J3D ,?(�(C,<,<2�&)2�&/A�6 -%6)K "�B -%6)K -3K<65D<6)K&''$CK<6
*�$1KE6)*�$C8)2@(+736F032|�Z$CDE6 ,?K<$�2|0�J36F�Z$CD<&52 B3036('+(+7�( J�,<2�*�2@8)8)$CK<6 *�$1DE,<6)D<D<$1Q�$'D<6g036)2|,<6)= -32 �

� � � ��� � 
������R�� �/� � 	 
����'�

��$>DE(+K<�+657�,?6x*�$CD<65K J�,?2�*@2�858Q$',?$�- 65KH2�*dKE65,<2�&)(C*�(�(C,<,<2�&5( :J37;*�$CD<65K /]2-,/$C732@( � �|$ 
�KE( &)(+=�%
=�6)K<&52�$C*@6�&)(C7xJ37�$t&Q$ '�2@,�R $'0x$C7�6)*�*@( LN(+A365K<6)7�,B+�M�M %�� � B -%(+=1-3$',?(t0�$tJ37�*�$CDE6)K LN(+A365K<6)7�,
�U6)KE032	� +�����$ -%(C,?65738Q$ 032 - (C=1-�$'�+�+2�(#�-�$CKE23$C0

8
	 2@71D<2@73�+(+*@(H=�(�03( $C*�*�$ *�J�73�+A3658)8Q$

0F" (+730�$b032�&52�K<&)$
533

73=u����$b&5J3K0''$b032��+J�$'0�$C�+73(u0365*�*�(n2@(+736�/]2 2+ 736)*@*�$ =>$',?KE2�&56 032
�|$ 
�K<(:D<2%6)D ,?6)7�036g$.-�-3KE(+D<DE2�=>$',?2 ''$C=>657�,?6t0�$

1100
D<2@73(1$

600
73= =>$:* " 65=>2@D<D<2@(+736t0365*

*�$'D<6)K  736)*�73(+D ,?K<( &)$CD<( *@2�=�2@,/$I,/$n0�$C*@*�$bK<2��365,<,<2E'�2@,�R 0365*�*@6 (C,E,?2�&/A�6 2�73DE6)KE2@,?6>2�7p&)$ '�2-,SR
$C*@*7" 2�7�,?65K0''$C*�*@(

700÷840
73=u���#" 6)=�2�D<DE2�(+7�6�2�7�D<2@73�+(+*@(F=>(�03( t(C,E,?6)7"J�,?$�=�6)0�2�$C7�,?6]0�J36

�j� �C���I� 032dD*-%6)DED<(+KE6x032 '+6)KED<(�&/A36x&5(+73DE6)7�,?(+7�( J37�$�K<65�+(+*�$C8)2@(+736 �+KE(+D<DE(+*�$'7�$�� $ -�$CD<DE2�032
&)2@K<&)$

0.5
73= �]6��3736 � ∼ 10

$ � 8��t036)*�=>(�03( 0�2�6)=�2�DED<2@(+736C� � *@*7" 65,?$C*�(+7 -32� D<(C,E,?2@*�6 
&)(C*�*�65��$',<(HJ37�=�6)&)&)$C732@D<=�( 032 �Q�/�<� � �/��� ��&/A36 '�2�65736]J3D<$',?( -%6)KU$C�C��$C73&52�$CKE6N*�$ � K<6=�"J365738Q$
032U6)=�2�DED<2@(+736�$C0 J�7�$ &)$ '�2-,SRu#%$DQ3K �9%���6)KE(C,Q�b��$ - (C,<6)738)$u,<2?-32@&Q$b2�7 J3D<&52@,/$  0�2�&52�KE&Q$

650
= 	 -%6)K

λ ' 780
73= 6)0 2@7�,?(+KE73(x$

350
= 	 -%6)K

λ ' 820
73= 0�(�'C6HDE2 DE(+73(xD&'+(+*-,?2

�+*@2�6)D0- 65K<2�=�6)7�,<2�036)DE&)K<2-,<,<2U$C*�&Q$.-�2@,?(C*�( 53����$n*�$CKE�+A36)858Q$bD*-%65,E,?K?$'*�6 032U6)=�2�DED<2@(+736 �,?2 %
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9 � 8 �Q����*��Z$CD<&52�(�2�7uJ3D<&52@,/$� - (+*�$CK<2@8)8)$',?(�*�2@736Q$'K<=�6)7�,?6 -%6)K
(+*-,?KE6F2�*

90%
6 -3KE6)D<657�,/$>J�7�$ 032E'C6)K<�C6)738)$>032|&52�KE&Q$

2
=>K<$C0|�

� ������� �3������ ��� ��� ���� ��� �j� 
������ � �������F� � �(


�� �����	 �(� � � � �
	 �

� ^ ��M � T <�=�P ^�
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λ/2
650 J37 &)J�Q%( -%(+*�$ %

KE2�8)8)$',?(CK<6xDEJ303032 '�2�03(+7�( 2�*d�Z$CDE&)2@( 2�7 03J36:&Q$C=�=>2@732 B�&52�$CDE&)J37�( 036)2��"J�$C*@2�$',E,?K<$ 'C6)KED?$ J37
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#5 #6

��2 + ��4 ��2 + ��4
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� ��� � cdc�h � h � �]e��Nh5r:`ns mns]i a�h5a|c�s�� e

��65K1&Q$'K?$',E,?6)KE2�858Q$CKE6>* " 6(A 6j,<,?(;036)*@*�6�2�73D ,/$.Q32@*�2-,SR D<J�*�,/$'D<D<(;032 -%6)KE032@,?$ 0365�+*�2�$',<(+=�2�03$C*
&)(C73036)7�D?$',<( (�&)&)(CK<K<6�*�2@=>2-,/$CKE6 $C*d=>$CDED<2�=�(�*�6F� (+7�,?2d0�2�KE2�DE&Q$C*@0�$C=�6)7�,?(�D*-�J3K<2@6C�]�d6�03J36
� (+7�,?2 -3K<2@73&)2E-�$C*�2�032]KE2�D<&)$C*�03$C=>657�,?( 6b032�-%6)KE032@,?$ 032]$',<(+=>2�0�$C*�&5(+73036573D?$I,?( 2�7 2�7�,?6I%
K?$'8)2�(C736 &5(+7\2@* KE65,<2�&)(C*�( D<(+73( 2�*tK<J3=�(+KE6 0365* &)$C= - ( = $C�C7365,<2�&)( &/A36 &5(+73032@8)2@(+7�$ *�$
DE,?$.Q32@*�2@,�RH0365*;-%(C,<6)73852�$C*@6�032�&)(C7���7�$C=�6)7�,<(:650 2�*�K<2�DE&Q$C*@0�$C=�6)7�,?(F2@7�,?K<(�03(C,E,?(F0�$'*�K<65,<2�&5(D%
*�(:DE,<6)D<DE(3� � J36)D , " J3*@,<2�=�(x$C�C2�D<&56 $x0�J36 *�2 '+65*�*�2��d0�$xJ37n*�$',?(�&)(C7n*�6 ��J�,<,<J�$C852�(+732;-3KE(�-3K<2@6
0365*�- (',?6)7�8)2�$'*�6 -%6)KE2�(�032�&5( &/A36b036j,?6)KE=>2@7�$C73(;J37�$ 032EA J3DE2�(+736 036)*�=�(+=�6)7�,?( $',?(+=�2�&5(
�Z&j� K)���/��� ��� � ��6 03$C*�* " $C*-,?KE( &)(+7�*@6 �3J�,<,<J�$C8)2@(+7323D ,?KEJ3=>657�,/$C*@2303( '�J�,?6 $C*3KEJ3=>(CK<6]D<J�*%*�$CD<65K
� � KE6=�"J365738Q$n6 $C= -32@6)8)8)$ �]6 $C*�KEJ3=�(+K<6:=>65&)&Q$'732�&5( 2�7�,?KE(�0�(C,<,<( 0�$C*@*�$�'�2?Q3K<$C8)2@(+736x0�6)�+*@2
D*-%6)&5&/A32 �;��7 ,?J�,E,?2�2�&)$CD<2�*�(uD0'�J3(C,?$C=�6)7�,?( 0365*�&5(+73036573D?$I,?( $C*@2�=�6)7�,/$bJ37�$;7"J 'C(+*�$ 032
$',<(+=>2%,?65K<=�2�&)2 &/A36CB
&5(+*�*@2�03657303(1&5(+7b�+*�2 $',?(+=�2 KE2�=>$CDE,<2 7365*d&)(+7�036)73D<$',?(�B�0365,<6)K<=�2�73$C73(
J3*-,?6)KE2�(+KE2 -%6)KE032@,<6C�

��65K��"J�$C7�,?( KE2��+J3$CK<0�$b*�6 ��J�,E,?J�$'8)2�(C732�2@7�,?K<2@73D<65&/A36 0�6)* - (C,<6)73852�$C*@6>0�2?-%(+*�$CKE6CB�6)D<$ %
=�2�7�$C7�03(>* " 6��"J�$C8)2@(+736 � ��� �+� �kB
D<2 x�+2?R�DE(C,<,<(+*�2@736Q$I,?(�&/A3612@*dK<2�DE&Q$C*@0�$C=�6)7�,?(�2�7�,<K<(�03(C,<,<(
0�$C*�KE65,?2@&)(+*@(�-3J�">6)D<DE6)KE6x=�2�732@=>2@8)8Q$I,?(12@7",<6)K&'+6)7�6)7303( D<J3*N���j� ��� � ��� K<2@D*-%65,<,<( $'*�*�$1KE2�DE(D%
7�$C7�8Q$�� � J3=�6)7�,/$'K<6�2�*U���j�Z��� � ���nK<2@&/A32�65036 - 65K "�032�K?$C�C�+2�J37��+6)KE6F2�7�,?6573D<2-,SR�6)*�6(''$',?6 -%6)K
=>$C7�,?6)7�6)K<6g&5(+DE,?$C7�,?6�*7" $C*@,<6)8)8)$1036)*dKE65,<2�&)(C*�(3B�&)(+=�6FD<2d6('�2@73&)6g0�$'*�*�$ � ��� + �j�
�#" 2@7�,?6)7�D<2@,�R �

I
� 032UJ37 �Z$'D<&)2@( *�$CD<65K / @�9

00

0365&)K<65D<&56n$C*�*@(+7�,/$C73$C7303(+DE2�0�$'*�&56)7�,?KE(;0365*
�Z$CDE&)2�(�DE6)&)(C7303(�*�$ K<65*�$C852�(+736 �

I(r) =
2P

πw2
0

exp

(
−2r2

w2
0

) ��53� � �

03( '+6
P

2�730�2�&Q$u*�$ -%(C,<6)738)$ ,<(C,/$'*�6�6
w0

2�*�&)(+DE2�03036j,<,<( ����� �j�:0365*N�Z$CDE&)2�(�B�&)2@(� *�$ 032 %
DE,?$C738)$ $ &)J�2]*7" 2�7�,?6573D<2-,SR 032@=>2@7�J�2�D<&56 032�J�7 �Z$',E,?(+KE6

e2
KE2�D0- 6j,<,?( $'* ''$C*�(+KE6n032�-32@&)&5(3�

� -3$CK<2-,SRb032 -%(C,<6)738)$�B� ��J�2�73032 -%(+D<DE2?Q32@*�6�&)(+= -%6)73D<$CK<6>*7" 6�A 65,<,<(;DEJ3*�* " $C*-,?658)8Q$b0365*�KE6(%
,?2@&)(+*@( 03( '�J�,?(u$C*@*7" $CJ3=�6)7�,?( 036)*t���j�Z��� � ���CBdK<2�0�J3&)657303(b*�610�2�=�6)73DE2�(+732�0365*��Z$CD<&52�(3B|&52�( 
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$CJ�=>657",?$C7303(C736�*�$ � (�&Q$C*@2�8)8)$C8)2@(+736'�:��*�*@2�=�2@,?6�2�7�� 6)K<2@(+K<6x$C*�*@61032@=>6573D<2@(+732�J�,?2�*@2�858Q$.Q32@*�2 
��DED?$',<(b0�$n$C*�&5J3736 &5(+73D<2@036)K<$C8)2@(+732�032 -3KE2�73&52?-32@(��t2�7 -3KE2�=�( *@J3(+�+(  7�6)&)65D<D<$CK<2@(u&/A�6 *�6
032@=>6573D<2@(+732�0365*%�Z$'D<&)2@(xDE2�$C73(�=>$C�+�+2@(+K<230�6)*�*@6 0�2�=�6)73DE2�(+732�0�6)*
&)(+7�036)73D<$',?( 2@7>0�2�K<658)2@(+736
$CDED<2�$C*�6 �

R⊥ ∼ 10µm
�kB�2�73(+*-,?KE6 73(+7pDE2 '�J3(+*@6n2�7�,?KE(�03J�K<K<6>J37 &)(+7���7�$C=�6)7�,?( $CDED<2�$C*�6

&)$CJ3D?$I,?(�036)*d�+K<$C032@6)7�,?6g032d2@7",<6)73DE2@,�R�6 �"J32@73032d(�&)&)(CK<K<6F=>$C7�,?65736)KED<2�$C*@=>6573( J37u(+K<032@736
032U�+K<$C7303658)8)$ D<(.-3K?$u2�*�*@2�=�2@,?6 -3K<65&)6)0�6)7�,?6'� � �"J365DE,?6>&)(+7�D<2�0�6)K?$'8)2�(C732�D<2�$C�+�C2�J373�C(+73(
$C7�&/A36g03J36FK<2@*�2@6�'�2
032 (+KE032�7�6 D*-%6)KE2�=�6)7�,/$C*@6 ��2@7 -3KE2�=�(1*�J3(C�+(12�*
�Z$',E,?(1&/A36gKE2�03J3&56)730�( *�6
032@=>6573D<2@(+732|0�6)*|�Z$CDE&)2�(�DE2�KE2�03J�&)6�$C73&/A36�*�$�-�K<(C� (+7�032@,�R�0�2|� J3(�&5(�6�DE6)&5(+730�$CKE2�$C=�6)7�,<6�2@*
�Z$',E,?(u&/A36CB�=>2@73(+KE2�D<(+7�( *@6�0�2�=�6)73DE2�(+732�036)2��Z$CDE&)2 B�=>$C�+�+2@(+K<2�D<(+7�(;*�6�032 
�&)(+*-,SR &/A36>D<2
2@73&)(+7�,<K?$C73( 03J3K<$C7�,?6 * " $C*@*�2@736Q$C=�6)7�,<(n036)*�K<6j,?2�&5(+*�(��b��6)K:,?J�,E,?6 �"J365DE,<6 &)(+7�D<2�0�6)K?$'8)2�(C732
DE2 xDE&)65*@,?( J37 032�$'=>6j,?K<(�032�&)2�KE&Q$

200µm
$>&)J32 B 7365*�*7" 2?-%(C,<6)D<2d0�2�$ '+65K<6 J37 �Z$CD<&52�(n$C*@*�$

*@J373�+A3658)8)$ 0 " (+7�0�$ 032
820

73= *�2�=�2@,?$',?( -%6)K1032 A K<$C8)2@(+736'B�&)(+KEK<2�D0- (C73036 J373$ 0�2�DE,?$C738)$
$C*@*�$��"J�$C*@6F2�* ����� �j�N$CJ3=�6)7�,/$ 032dJ�7u�Z$',E,?(+KE6 √

2
��-�$CK?$'=>6j,?K<(�032FP $ ��*�652��+A � -3$CK<2d$ �

zR =
πw2

0

λ
' 15

&5= ��5�� � �

� J365DE,?(�''$C*@(+K<6 KE2�DEJ3*@,?$ -32�n&/A36�$C&)&565,<,?$.Q32@*�6CB�0�$',<6F*�6H,<(+*�*@6)K<$C738)6 736)*@*�$x0�65,?65K<=�2�7�$'8)2�(C736
0365*�*�$ -%(+DE2�8)2@(+73610�6)*U&)(+7�036)73D<$',?(;$C*�* " 2@7�,?6)KE73( 0365*�*�$ &)6)*@*�$n6�736)*,-%(+D<2@8)2@(+7�$C=�6)7�,?( 036)*@*�6
(C,E,?2@&/A36g032 � (�&Q$C*@2�8)8)$C8)2@(+736'�
��*�-3K<2@=>( -�$CDED<(�-%6)K�2�*<- (CD<2�852�(+73$C=>657�,?(�036)*@*�6 (C,<,<2�&/A36#HDE,?$',/$:*�$:&)$CK?$I,<,?65K<2@8)8Q$'8)2�(C736 0�6)2
�Z$CDE&)2�2�7;J�D<&)2-,/$ 03$C*�*@6 ��Q3K<6'� � J36)D ,?(�xD ,/$',<( �Z$',E,?( =�2�DEJ3K?$'7303( 2@*�032�$C=�65,<K<(>036)*��Z$CD<&52�(
2@7 032E'C6)KED<6�-%(+D<2@8)2�(C732�6:�Z$C&)657303(nJ37 �3,g$'*�*7" 6)D0-�$C73DE2�(+7�6:0365*��Z$CDE&)2�( $',<,<6)D?$ -%6)KH2�*�=>(�03(
/ @�9

00

6g0�$I,/$ 0�$C*@*�$xKE6)*�$'8)2�(C736 �

w(z) = w0

√
1 +

(
z − z0

zR

)2 ��53� � �

03( 'C6 2�* -�$CK?$'=>6j,?K<(
z0

2�73032@&Q$ *�$ -%(+DE2�8)2@(+736 0365*�� J3(�&5( KE2�D0- 6j,<,?(u$C*@*7" (+K<2@�+2�7�6:0365*UK<2@� 65K<2 %
=�6)7�,?(��
��K<2�DEJ3*@,?$',?2�(C,<,<6)7"J�,<2;-%6)K�2�0�J36 �Z$'D<&)2�DE(+73(�K<2E- (+K ,/$',<2�2@7��3�+J3K?$ 53� � � � -3$CKE,<2�K<6]03$ �"J365DE,?6
=�2�DEJ3K<6'B3$ ' 'C$'*�6)7�03(+D<2 032|D<2@=1J3*�$C8)2@(+732<Q�$CD<$',?6FDEJ3* � (+KE= $C*@2�DE=>(g0365*�*�6H= $',<K<2@&)2 � G L��:B�D<2
 -3K<(C�+65,E,/$',<(�J�7 DE2�DE,<6)=>$ (C,<,<2�&)(�2@73D<65K<6)7�03(>0�J36:*@6)7�,?2 &)(+79'+65K<�+657�,?2�0�2|� (�&)$C*�6 KE2�D0- 6j,<,?2 %
''$C=�6)7�,?6

f1 = 300
=�= 6

f2 = 500
=�= D<J3*�-3KE2�=�( 6

f1 = f2 = 500
=�= D<J3*dDE6)&)(C7303(
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FASCIO 1
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FASCIO 2

������� 	&�5�1> � �1,.��7'7"*-,"!56<6I��6-!�$�%0* (+*-!:QS�1�.#�!:!5%=9X�"#<!n7F�A(0�14�45* J&O0,.*_�S#xQy,I�vJ&E&� �0� ����� �:$�%0$�,"!5WX$�,'7F��7.* 45*`2=!)�"90,"*
(+*-4�(0!5�12=*<7",.$/(+*-4iQS�1�.#�!5$
WX*-,�(+!�@�*<,F�'*A(+!5�'7.�1%06<*�(0�14i#<$1454�!523��7"$�,"*AWX$D��7.$�!5% 9&�.#�!�7.�/(+!�#�!)�1�.#�90%X�_J&O0,F�0� � 4
�"!�E�%0!nJi#<��7.$=(0*<!��"!�2/OX$�4�!�G
�"W0!5*<ED��7"$=%0*-4�7"*I��7.$&�
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�Z$CDE&)2@(n736)*@*�6 -%(+DE2�8)2@(+732�2�730�2�&Q$I,?6x2@7 ���+J�K?$ 53� ���g��*�KE2�D<J�*@,/$I,?( (',<,?657"J�,?(n&5(+73D<657�,?6CB�*�$ 'C(D%

FASCIO 2

f=500 mm

45.0 cm47.0 cm

f=500 mm

55.7 cm45.0 cm153.3 cm25.0 cm

f=500 mmf=300 mm

FASCIO 1

������� 	X� }0>��+#FT0*-2;�A(+*<4545* $17'7"!)#FT0* WX*-,v4)�mQy$:#-��45!�6-6-�16<!5$1%0*r(0*<4:,"*<7"!)#�$�4�$X>84?B *<4545!5�.�'* W0!��/�.#�90,F�q!5%&(+!)#<�A45�mWX$D�'!�a
6<!5$1%0* ��W0W&,"$D�"�"!�23��7"!5@[�`(+*-4D#<*<%D7",.$m(+*-4�4)�`7.,.�1W0WX$�45�q2;�1E1%0*<7"!)#<�&� ��,.�1E1E�!�$�7"7"*<%:9+7.!D�"$1%&$q,"!)�"WX*<7'7"!5@���2;*<%D7.*1>
(192.4± 2.5) µm

Wi*<,m!�4�QS���"#<!�$V��*
(212.8± 1.5) µm

Wi*<,�!54�QS���"#<!�$K}

K<$C7303(u$C*@*�$>*@J373�+A�6)8)8)$n0F" (C730�$n032
820.5

73= � Bd&5(+K<KE2�D0- (+7�036)7�,?6�$'0 J�7����j�Z��� � ���;0�$C*�*�$
KE2���$ � � �

λ0 ' 795
73= ��032 ��J3$CD<2

100
/ � 8CB�032dK?$C�C�+2�J37��+6)KE6CB�&5(+7uJ37�$ DE,<2�=>$1K?$C�+2@(+736I%

'C(+*�6t032
11

= 	 -%6)K��Z$'D<&)2@(g032 - (',?6)7�8Q$gD<J3*@*�$ &)65*�*�$�B+J37 ''$C*�(+KE6�0365* -�$CK?$'=>6j,?K<(
s

032�&)2@K<&Q$

2
6)0 J37;&)(+KEK<2�D0- (C73036)7�,<6:,/$'D<D<( 032�0�2EA J3D<2@(+736g032�� (C,?(+7�2�-3$CK<2�$

Γsc ' 0.02 sec−1 B%&)(CK&%
KE2�D*-%(+730�6)7�,?6x$C0;J37u,?65=1-%(>0�2�0�6)&Q$'032�=�6)7�,?(

τsc ' 50
D<65&CB%=>(+*-,?(�=>$C�+�+2@(+K<6 0�2 �"J365*�*�(

03( '�J�,<( $C2�-�K<(�&)6)DED<2�&/A36�$ ' '+6)7��+(+73(>2�7n,?K<$.-�-%(+*�$1=>$C�+736j,?2@&Q$��
� *�-�$CK<$C�+K?$I� ( ��� � � � $.Q Q32�$C=�( DE(C,<,<(+*�2@736Q$',<(;&/A36b�+*@2�$',<(+=�2�7365*�*�$;,?K?$D-�- (C*�$;=>$C�+736j,?2 %
&)$;&)(+*@*�2@03(+73(b&)(C7p2�*U��$CD:032�� (C7303( -�K<6)DE6)7�,?6n7�6)*�*�$ &56)*�*�$u6 $.Q�Q32�$C=�( �+2?R 036j,<,<( &/A36n$
�"J365DE,?(�DE2|$C�+�C2�J373�C6 * " 6(A 6j,<,?(:032 KE2�DE&Q$C*@0�$C=�6)7�,?(�2�730�(C,<,<(x0�$C*@*�6 ��J�,E,?J�$C852�(+7�2 0365* -%(C,?657 %
852�$C*@6�=>$C�+7�65,?2@&)(3��� 7�$ D ,?2@= $�032H�"J36)D ,?2�6(A 6j,<,<2 �0�$',?$>0�$C*@*�$�'�2@,?$>=�6)032�$�0365�+*�2�$',<(+=�2
7365*�*�$ ,?K?$D-�- (C*�$ =>$C�+736j,?2�&)$n$ ,?6)= -%6)K?$I,?J3K<$b=>$C�+�C2�(+KE6x032#�"J365*�*�$n&5K<2@,<2�&)$ &/A36� -3$CK<2U$

τmag ' 100
D<6)&'� /�J�,<,?$ '�2�$�BCKE2�D0- 6j,<,?( $C01J37�$ 7�J '+(+*�$ 032�$I,?(+=�2 ��,?65K<=�2�&52 �/B2@*�&5(+73036573D?$',<(

KE2�D<657�,?6�2�7 =>$C732�65K?$>� (CKE,?6 0�6)*�*@61&)(C*�*�2@D<2@(+732�&)(+7 �+*@2�$',<(+=>2�032�KEJ�Q32�0�2�(b$C73&5(+K?$ -3KE6)DE6)7�,?2
7365*�*�$ ,<K?$.- - (+*�$1= $'�+7365,<2�&)$1(>$ 'C6)7�,?2�6)7365K<�+2@6g032�- (�&)(�DEJ�- 65K<2@(+K<2d$'*�*�$�-�K<(C� (+7�032@,�R1036)*@*�$
,<K?$.-�-%(+*�$�����7��Z$I,<,?2 B�0�$',<(�&/A�6 $C*@*�6�65736)KE�+2�6t2�7��+2@(�&5(�*@6]&)(+*@*�2@D<2�(C732�DE(+73( -3K<6('C$'*�6)7�,<6)=�6)7�,?6
65*�$CD ,?2�&/A�6 �Z&5� K5� � � � � �jB ��J�6)DE,<2�$',?(+=�2 A3$C7373(�*�$�-�K<(�Q�$DQ32�*@2@,SR�= $'�+�+2�(CK<6H0�2|2�730�J3K<KE6F036)*@*�6
� ^v�14�*_4590%0E�T0*<6-6-�3(�B $1%X(0�3G
,.!5�"904�7.��7.�;4)�;2;���"�"!52;�;907"!54�!56<6I��O0!54�*/(0��4vW090%D7"$ (0!�@:!5�'7.�3�"Wi*<,.!�2;*<%D7F��45*1�

� %+QS��7"7"!CU:%0$1%0$D��7F��%D7"*m!�4i45���'*-,Y9+7.!�45!�6-6-��7"$
Wi*<, E1*-%0*<,F��,.*`!�4i,"*<7"!)#�$�4�$
Wi$��.�.��*<2;*�7"7"*<,.*A�
4�90%&E1T0*-6<6<*A(�B $�%&(0�
��%&#<$1,F�g2;�1E1E�!�$�,"!_�S#�Qy,-� �0� }+�5�I��U 4)�k,.! � *<7'7.!�@:!�7.ol(+*-E145!m�'Wi*-#-#FT0!q$�4n7.,"*

820
%02 (0*<E1,F�1(&�e,F��W&!5(0�12;*<%D7"*

,"!)(+9&#<*<%&(0$=4)�;Wi$�7"*-%06-�;(+!)�"WX$�%0!�O&!�45*
�'9&4�4)�;#�*<454)�0�



� � � � V�R�P� O��M"WIP�� M�Y��QT :ZM R�M�P�WIM��%P��XP�R�PNPZY�O�� T���P :ZP ���

-%6)K<0�2@,?6 0�$C* &)(+730�6)73D<$',?(3� � J365DE,?( DE2 KE2���6j,<,?6H736)*%�Z$',<,<(1&/A36F*�$ '�2@,/$:=>65032�$�036)*|&5(+7303657 %
D?$I,?(�736)*�DE(+*�(�-%(C,?65738)2�$C*�6H= $C�C7365,<2�&)(  -�$'K<2�$ D<(+*@2

(5.0 ± 0.3)
D<65&C�

4�23-3J�" =�2��C*�2�(CK?$CKE6 �"J36)D ,?(FKE2�D<J�*@,/$I,?( D<6NDE23$C�C2�D<&56�2@7x=�(�0�( 0�$ K<2�=xJ3( '+6)KE6N&5(+7�,?2�7"J�$'=>657 %
,?6 �+*@2�$',?(C=>2 -%6)KED<2
0�$C*
&)(C73036)7�D?$',<(x&/A36 A�$C7373(:J37�$ ��,<6)= - 65K?$',<J3K?$ ��032<- (�&)(�D<J - 65K<2�(CK<6
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P 65DE,?$ 0�$ 'C$'*�J�,?$CK<6�2�*�&5(+7�,?KE2?Q3J�,<(F03( '�J�,?(g$C*@*�6 ��J�,<,<J�$C852�(+732�DE,<K<J3=�6)7�,/$'*�2�0�6)*�-%(C,?657 %
852�$C*@6 - 65K<2�(�032@&)(3� � J365DE,?6�D<(C73(>&5(+=�6F0365,E,?(�K<2�&5(+7303J�&)2?Q�2�*�2 $C*|KEJ3=>(CK<6g032�$C= -32�658)8)$�0�6)*
*�$CD<65K)B�$C*@*�$xDEJ�$ *�$CKE�+A3658)8Q$ D0- 6j,<,?K<$C*�6F0�2|6)=�2�DED<2�(C736 6g$C*@*�6 '�2?Q�K?$C852�(+732%=�6)&)&)$C732@&/A36gD<J3�+*@2
D0- 65&)&/A32 � ��65K ��J3$C7�,?(uK<2��CJ�$CK<03$ 2�*�K<J3=�(+K<6x032��Z$CDE6 D<J3*�*�$CD<65K)Bd$DQ�Q32�$'=>( �C2 R 73(',/$',<(b$C*
-�$'K?$C�+K<$'� (:��� ��� � &/A36 �"J365DE,<(x73(+7>&)(+7�,<K<2?Q�J32�DE&)6 $C*�*@6 ��J�,<,<J�$C852�(+732�0�6)*;- (C,<6)73852�$C*@6 - 65K<2@(D%
032@&)( -%6)KE&/A��t73(+71DE2�-3KE(�-�$C��$H$C*�*�$t�Z$CDE6�K<65*�$',<2E''$ ,<K?$ 2�03J36��Z$CDE&)2�&/A36�� (+K<=>$C73( 2�*�K<6j,?2�&5(+*�(��
��*�KEJ3=>(CK<6 2�7 $C= -32@6)8)8)$n2�79'+65&)6 -3J�"b6)DED<6)KE6 2@73&)*@J3D<(b7365*�73(+DE,<K<(b=�(�0365*�*@( 036)*�KE65,<2�&)(C*�(
&5(+=>6HJ37nK<J3=�(+KE6 D<J3*�-�$CK<$C=>6j,?KE(

s
� � J�6)DE,<(�- 65K " 73(C7n2�7 ��J�2�D<&56 D<J�*�*�6 =>2@D<J3KE6 -%6)KE&/A��CB

&5(+=>6 '�2@DE,<(�$C*F-�$CK<$C�+K<$'� ( ��� ��� ��B�*�$ - (',?6)7�8Q$12�79'�2�$I,/$xDEJ3�+*�2 $',?(C=>2<'�2�6)7�6F&)(+7�,?KE(+*�*�$',/$�2�7
(+�C732|&)2@&)*@(1032|KE2?-%65,?2@8)2@(+736H0�6)*�* " 65D*-%6)KE2�=�6)7�,?(3B�&)(+7�D<6)7�,<6)7303(>&)(+D���032|KE2��+6j,<,?$CK<6 *@6 =�2�D<J�K<6
&5(+7 65&)&56)D<DE2E'C6 ��J�,E,?J�$'8)2�(C732|032d2@7",<6)73DE2@,�R � �
��$ � (+7�,?6 -3KE2�73&52?-�$C*@6 032�KEJ3=�(+K<6nD ,?K<J�=>657",?$C*�6� �"J32@73032�&5(+DE,<2@,?J�2@,/$ 03$C*�*�$ '�2?Q3K<$C8)2@(+736
=�6)&5&Q$C732@&Q$ 0365*�*@61(C,<,<2�&/A36'�:� 03J361�Z$'D<&)2 - 65K<&)(CK<K<(C73(n2�7��Z$I,<,?2�&Q$'=>=�2�732�(C,E,?2�&52�=�(+*-,?( 032 %
'C6)K<DE2 B+&5(+=�6N2�7 -�$CK ,?6NDE2 -�J�" 6�'�2@73&)65K<6�0�$'*�*�$����+J�K?$ 5�� � 6'B+$H&)$CJ3D<$H0323��J�6)DE,?$ 032EA 6)KE6)738)$�B
$C&��"J32�D ,/$C73(uJ37 K<J3=�(+KE6 032��Z$CD<6�K<65*�$',<2E'C(n&/A36>7�6�*@2�=�2@,?$>*�$n&5(�65K<6)7�8Q$�B�036)�CK?$C0�$'7303(u*�$
�"J�$C*@2@,�R1036)*�-%(C,?65738)2�$C*�6 -%6)KE2�(�032�&5(3�
� J365DE,?( 6�A 65,E,?(�>D ,/$',<( 0�$b73(+2#�"J�$'7",<2 ��&)$',?(u=�2�D<J�K?$C730�(u*�$ *�$CKE�+A3658)8Q$b0365*�*�$n73(',/$n032
Q�$I,<,?2@=>657�,?( ,<K?$ 2�03J361�Z$CDE&)2 �g��6)K J�7 K<65,<2�&5(+*�( 2@036Q$'*�6�&)(+=�6��"J36)*@*�(1-3K<65D<6)7�,?$',?(u$C* -�$ %
K<$C�+K?$I� (n��� ��B *@( D0- 6j,<,?KE( 032 - (C,<6)738)$ 1&5(+DE,<2@,?J�2@,?(�0�$ J�7 -32�&5&)(n$

δ
032��H2�K<$C&x&56)7�,?K<$',?(

2@7",<(+K<7�(�$C*�*�$g� KE6=�"J36)7�8Q$
∆ν = ∆ω/2π

&)(CK<K<2@D*-%(+7303657�,?6g$C*�Q�$',<,<2�=�6)7�,?(�,?K<$12 03J36 �Z$'D<&)2
*�$CD<65K)� ��$1-3KE6)D<65738Q$ 0�2�KEJ3=>(CK<6�032��Z$'D<6xKE6)*�$',?2 '+(��Z$>D��U&/A36 ��J�6)DE,<( -32�&5&)(1-3K<65D<6)7�,<2�J37�$
*�$CK<�+A�6)8)8)$���7�2@,/$�� � J�6)DE,?$�>DE,/$I,/$ =�2�DEJ3K?$I,/$b(+D<DE6)K0''$C7�03( *�(uD*-%65,E,?KE(;032 - (',?6)7�8Q$ 0�6)*
DE6)�+7�$'*�6F032|J�7b� (',?(�032�(�03( 'C6)*@(�&56FD<Ju&)J32|DE2|D<(C73(�2�79'�2�$',<2 2 0�J36F�Z$CD<&52 �U4�2 F(C,<,<6)7"J�,?(�J37
-3KE( ��*@( 032�K<2��+$>��$CJ�D<D<2�$C73( &5(+7 J37�$>*�$CKE�+A36)858Q$ �

σν

� 0�2
(160 ± 20)

� 8x&)(C7 J37;,?65=1-%(
032d2@7�,?6)�CK?$C852�(+736F0�2

50
=�D]6 -%6)K]J�7�$ 'C6)*@(�&52@,SR1&5(+K<KE2�D0- (+7�036)7�,?6�$

∆ν = 8
� � 8C�

L pA90*-�'7"$m@[�14�* $�@:@:!5�12=*-%D7"*YWi*<, � 9+7"7"9&�16<!5$1%0!DJ&%0$H��Qy,.*-ND90*-%06<* (+!+N�9X��4)#FT0* (+*I#�!5%&�m(0! ��!545$1T0*-,"6�UI(0��7.�
45�/Qy,.*-ND90*-%06-�;(+!8#-��2;W0!5$1%&�12=*-%D7"$;(+*<48�"*<E�%&��45*H(0*<!�Qy$17"$+(+!5$:(0!?� � %0$�4n7.,"*�U+%0*<4545*H2;!)�'9&,"*_�/7"*-2=W&!84�9&%0E1T0!CU
�'!P�"$1%0$K$D�"�"*<,.@���7.*
(+*<,.!�@�*�(+!R!�%D7.*<%&�"!n7Fo3%0$�%f*<45!�2;!5%&��O&!�45!vWi*<,F#FT ��(0$�@D907"*�� E1,F�1(+!5*<%D7"!v(+!�7.*<2;Wi*<,F��7"9&,.�
�'9&E145!8M���� �?#xQy,I� � �&� }0� }��xU:23�3#�$12/90%&ND90*�#�$�%�7.*<%:9+7.*1�
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�#" 6(A 6j,<,<(n032 �"J365DE,?(bKEJ3=>(CK<6x=�6)&5&Q$C7�2�&)( 2�7 ��J�6)738)$ �+*�2�6)D0- 65K<2�=�6)7�,<2�2�7;03J361=�(�0�2 �]0�$
J37 *�$',?(�&)(CDE,?2-,?J32@D<&56HJ37�$�2�730�65,?65K<=�2�7�$'8)2�(C736tD<J3*@*�$ '+6)*@(�&52@,�R:0365* KE65,?2@&)(+*@(:&/A�6CB�&5(+=�6HD<2 
'�2�D ,?(3B"032E- 6573036t0�$

∆ω
B�6 0�$C*@*7" $C*@,<K<( &)(+D ,?2@,<J32�DE&)6tJ37�$g� (+7�,?6t032�KE2�D<&)$C*�03$C=>657�,?(3B9-�$'K?$C�+( %

7�$.Q�2�*�6g$'*�*�6g$'*@,?KE6 ��J�,<,<J�$C852�(+732d0�6)*�- (C,<6)73852�$C*@6 - 65K<2@(�032@&)( ,?K<$',<,?$',?6�$C*�-3$CK?$C�CK?$'� ( ��� ��� � �
��*3-3K<2@=>( 032 �"J365DE,<2��Z$',<,<(+K<2"&5(+K<KE2�D*-%(+730�6�$C01J�7�$ 2�730�65,?65K<=�2�7�$'8)2�(C736UK<6)*�$',?2 ''$ 0365*�* " (+KE032�7�6
032��
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v
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σν

∆ν
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∑
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yCM =
∑

z,y y · OD(z, y)/A

(+$�@1*
A
!5%&(+!)#<�=!54�QS��7"7"$1,.*_(+!8%0$�,"23�14�!56<6I��6<!5$1%&* ∑

z,y OD(z, y)
�



�<8 � � V�R�P� O��M"WIP�� M�Y��QT :ZM R�M�P�WIM��%P��XP�R�PNPZY�O�� T���P :ZP ���

� �	� � hkc�e � stmbh5e mns]ipqNr:`bmnst`ua�eFc�r��

h5`ba|c�e�fbhji5hkc�l mnh5`ue � h5q�e

� ��� ��� � �(� � � �����
 ��� �'�(����� �/� 

	 �

��$ -3K<(�&)6503J3K<$ D*-%6)K<2@=>657�,/$C*@6 $C03(',<,/$I,/$� *�$;D<65�+J36)7�,<6 �n03(�-%( $ '+65K�-3K<(�03(C,E,?( 2@*�&5(+7 %
036573D?$',<( &5(+=>6�0365D<&)KE2@,E,?( 7�6)*�&Q$.-�2@,?(C*�( -3K<65&)65036)7�,?6'B|2�*dKE65,<2�&)(C*�(�(C,<,<2�&5( '�2�65736:$C&)&56)D<( 2�7
=>$C732�65K?$�$C032�$.Q�$',<2�&)$1&)(+7uJ37�$�K?$C= -�$ 032�03J3K<$',/$

tRAMP

6 �"J32�730�2dD*-%6)7�,?(>2�7u= $C7�2�6)K<$
$C032�$.Q�$',<2�&)$b0�(�- ( J37 2@7�,?6)K&''$C*�*@(u0�2U,<6)= - (

∆t
� LN(C7",<6)= - (CK?$C736)$C=�6)7�,?6>$C*�*@(bD*-%6)�+732 %

=�6)7�,?( 0365*�K<6j,?2@&)(+*@( '�2�65736 D*-%6)7�,<( $'73&/A36n2�* - (',?6)7�8)2�$'*�6 $'K<=�(+732�&5(;6'B�03(�-%(
28

=>D:032
6)D0-�$C73DE2�(+7�6CBF'�2�65736 =>2@D<J3K<$',?(>2�*�7�J�=>65K<(n032�$I,?(+=�2 -�K<6)DE6)7�,?2�7�6)*�&5(+73036573D?$',<(b=>65032�$C73%
,?6nJ�7F" 2@=>=>$C�+2@736�2�7 $CDED<(+K0Q32�=�6)7�,?( &5(+=>6 036)DE&)K<2-,<,<( $'*�-�$CK<$C�+K?$I� ( ��� � � K�� P 2E- 6j,?657303(
*7" 6)D0- 65K<2@=>657",<( -%6)K 032 '+6)KED<2 ''$C*@(+K<2�032

∆t
032 '�2@6)736 - (+DED<2EQ32�*@6 K<2@&)(+D ,?KEJ32�KE6 *7" $C7303$C=>657�,?(

0365*�7"J3=�6)KE(>032�$',<(+=>2dKE2�=>$CDE,<2|7365*�&5(+73036573D?$',<( 2@7 � J373852�(+7�6:0365*d,?6)= -%(�,<K?$CDE&)(+KED<( 7365*
K<6j,?2@&)(+*@(3� � 7n,<2?-32@&)( K<2@D<J3*-,/$',<( 032��"J36)D ,/$ -3K<(�&)6503J3K<$ gK<2E- (CKE,/$I,?(12@7 �3�+J3K?$�53� M�� LN(+=�6
D<2H'+65036x2�KE2�D<J�*@,/$I,?2dD<(C73( 2@7 $C&5&)(+KE03( &5(+7;J37 036)&)$C032@=>657",<( 65D*-%(+736)7�8)2�$'*�6g,?2?-�2�&)(�032�J37
-3KE(�&56)D<DE( 2�7X&5J32�*�$u� K?$C852�(+736>032�$I,?(+=�2 -%6)KED<2�7�6)*�* " J�732@,�Ru032�,?6)= -%( 73(+7p032E- 6573036 03$C*
7"J3=�6)K<(�032�$I,?(+=�2 � �
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4
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s = 0.2
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s = 1.15
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(+*-4�4CB *-%D7",F��7.�=%0*-4�,"*-E1!52;*�(0!8!�%X��7F��O0!54�!�7.o;(+!5%&�12;#-�0�

(0.52 ± 0.07) qB
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*<@�$145@1*<,.*HWX*-,

50
23�`%0*<48�"$145$;WX$17"*-%06<!)��45*�2;�1E1%0*<7"!)#�$X�

036573D<2-,SR KE6)73036n=�6)7�( $ 
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,�R;K<65�+(+*�$'K<6�K<6)7�036)730�( &)(+D�� 7"J3( ''$C=�6)7�,?6n$D-�-3*�2@&Q$.Q�2�*�6 2@* �3, $C0 J37�$;032@DE,<K<2?Q�J38)2@(+736�032
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032�=�2�*@*�2@D<6)&5(+73032 B'=�(+*-,?(F=>$C�+�+2@(+K<2�032 �"J36)*@*�23&)$CK?$I,<,?65K<2@DE,?2@&)230�6)*�* " 2@73D<(CK<�+65K<6�0365*�* " 2@73DE,?$.Q32�*@2 %
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-%6)K J�7 D<65&)(+730�(u2@*�&)(+730�6)73D<$',?(n7365*�DE(+*�( -%(C,<6)73852�$C*@6:=>$C�+736j,?2@&)(3� � J36)D ,?(nA�$ &5(+73DE6)7 %
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KE2�&Q$'=>657",<(�$C032�$DQ�$',?2@&)(F0365*
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(0�14�#<$1%&(0*<%&�.��7.$�%0*-4��"$145$�Wi$�7.*<%06-!5�14�*H23��E�%0*�7.!5#<$&� �
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D*-%(+D ,/$:03$C*�*�$ - (+DE2�852�(+736t032
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0365*�&5(+7���7�$'=>657",<( =>$C�+736j,?2@&)(3����*�=�(C,?(�0365*�&56)7�,?KE( 032�= $CDED?$�03( '�J�,?( $ �"J36)D ,/$ � (+KE8Q$
-3J�"�6)DED<65K<6xKE2�&5(+DE,<K<J32-,?( 2�7 $.-�-�K<(+DED<2�=>$C852�(+736HD<6)=�2�&5*�$CDED<2@&Q$�$�-�$CKE,<2�KE6F0�$C*�*@6 � ��� ��� �N&/A�6CB



� P � T � M�R�P T R�M3:�^�%Y�R�M�Y�O)T � ��:P Y�O�� T	��P�: P ��� R�PZY�T � P ^+T >��

-%6)KF*�$ � (+K<8)$ 032�K<2@&/A32�$'=>(n$'K<=�(+732�&)$�B 7�6)*�DE2�DE,<6)=>$ 032�KE2@� 6)KE2�=�6)7�,?( 036)*�*�$.Q%(+K?$',<(+K<2@(3B%D<2
DE&)K<2 '+(+7�(��





ż = vn(q) − vLAT = vn(q) − h̄q0/m

h̄q̇ = −mω2
zz

��53� + �

&5(+7 &5(+73032@8)2@(+732|2@732�852�$C*@2
q(0) = q0
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s = 1.15
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032�D0- 65K<D<2@(+736 6HDE2;-�J�" �"J32@73032
$CDED<J3=�6)KE6

vn(q) = (h̄/m∗
n,q0

) (q − q0) + vn,q0

B�2@*tD<2�D ,?65= $ ��53� + ��-3J�" $C73&/A36 65D<DE6)K<6
KE2�D<(C*@,?( 2@7b=>(�03(�$C7�$'*�2@,<2�&5(x6g&)(+7�03J3&)6:$C*@*�$xDE(+*�J3852�(+7�6 �




z(t) = −

√
m∗

m
v0

ωz
sin

(√
m
m∗ ωz t

)

q(t) = q0 + m∗ v0

h̄

(
1 − cos

(√
m
m∗ ωz t

))

03( 'C6:DE2  -%(+D ,?(
v0 = vn,q0 − (h̄/m) q0
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